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Abstract. An insight is gained into the mechanism of system rotation for suppressing
the Rayleigh-Taylor instability (RTI) by drawing analogy with the gyroscopic effect. A
rotating flow of a stratified fluid confined in a spheroid, subject to gravity force, whose
velocity field is linear in coordinates, is equivalent, in the Boussinesq approximation,
to the motion of the Lagrange top, a heavy symmetrical rigid body. The sleeping
top corresponds to the state in which a heavy fluid lies on top of a lighter fluid.
Specifically, we investigate the incompressible two-layer RTI confined in the lowerhalf of a spheroid rotating about the axis of symmetry oriented parallel to the
vertical direction. We derive the dispersion relation and the critical rotation rate
for suppressing the axisymmetric mode of RTI. The gyroscopic analogy accounts for
decrease of the critical rotation rate with oblateness of the spheroid. The stabilizing
effect of rotation is enhanced for the half spheroid as compared with a circular cylinder
of finite length.

Keywords: rotating Rayleigh-Taylor instability, Coriolis force, gyroscopic force,
baroclinic fluid, Lagrange top, internal inertia-gravity wave, spheroidal container
1. Introduction
In the investigation of the Rayleigh-Taylor instability (RTI) in a rotating frame,
Chandrasekhar [1] claimed that “it follows that in the present case rotation does
not affect the instability or stability, as such, of a stratification”. In the field of the
atmospheric and oceanic fluid dynamics, this problem has not attract much attention,
possibly because less concern in unstably stratified fluid. However, the dispersion
relation of the internal inertia-gravity waves for a continuously stratified incompressible
fluid suggests that the rotation competes with the gravitational instability and its
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stabilizing effect is able even to overcome the gravitational instability of an unstably
stratified fluid. Incidentally, we are reminded of the Richardson-number criterion that
the flow with sufficiently strong shear destabilizes the stably stratified configuration
[2, 3, 4].
Introduce the Cartesian coordinates (x, y, z), with the gravity force, of acceleration
g, directed in the negative z-axis. In the Boussinesq approximation, we partition
the density of the fluid into the reference constant value ρ0 and the deviation ρ0 as
ρ = ρ0 + ρ0 (x, y, z, t), with t the time, and denote the Brunt-Väisälä frequency to be
N 2 = −(g/ρ0 )(∂ρ0 /∂z). When N is constant, the frequency ω of the internal inertiagravity wave, with the horizontal wavenumbers k and l and the vertical wavenumber m
is given by
k 2 + l2
m2
2
2
f + 2
N 2,
(1)
ω = 2
2
2
2
2
k +l +m
k +l +m
where f = 2Ω0 is the Coriolis parameter, with Ω0 being the angular velocity of the
system rotation as a whole [5, 6, 7]. The dispersion relation (1) reveals competition
between the stabilizing action of the Coriolis force, featured by f 2 , and the destabilizing
action of the gravity force, featured by N 2 in case N 2 < 0. For a horizontally long wave
(k 2 + l2  m2 ) being required for a complete suppression, the approximate form of the
dispersion relation (1) becomes
ω2 ≈ f 2 +

k 2 + l2 2
N .
m2

(2)

This is an analog of the dispersion relation for the Poincaré wave, the surface gravity
wave of shallow water in a rotation frame [6]. The dispersion relation (1) and (2)
indicates that the instability with long horizontal wavelength can be suppressed by the
rotation if the rotation rate is sufficiently large, that is, if f 2 m2 > −N 2 (k 2 + l2 ). This
is genuinely a three-dimensional phenomenon in the sense both the horizontal and the
vertical wavenumbers take part in.
Recently the suppression of RTI by rotation was addressed in a confined geometry.
For a rotating two-layer flow confined in a circular cylinder of finite extent, with
the axis of rotation perpendicular to the interface between the layers, the critical
rotation rate for the stability was deduced and was compared with the experimental
results [8]. Possibility of complete suppression of RTI was further explored [9].
They overtured a scenario for stabilization by rotation as a competition between
the two-dimensionalization of the Taylor-Proudman theorem and destabilization by
baroclinically generated vorticity. The waves with wavelength longer than a critical
wavelength are stabilized by rotation while this is not the case with the shorter one
[9]. Carnevale et al. [10] analyzed numerically the rotating RTI under the Boussinesq
approximation for negative, but small in magnitude, values of the Atwood number
A = (ρ2 − ρ1 )/(ρ2 + ρ1 )(< 0). Here ρ1 and ρ2 are the mass densities of the upper
and the lower layers. They attributed the stabilizing mechanism to the Coriolis force
acting on the vortex rings generated at an early stage of RTI. They claimed that the
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rotation can suppress RTI over the whole wavelength range. The elimination of the
short-wavelength RTI may be the cut-off due to the viscosity. Tao et al. [11] considered
theoretically whether the rotation can suppress or not RTI at arbitrary Atwood numbers
in a rotating system where the the acceleration is provided solely by the centrifugal force
of the two uniform inviscid fluids and found that rotation acts to diminish the growth
rate. They reckoned the Coriolis force as a restoring force acting on the perturbed
interface.
In this investigation, we illustrate the rotational suppression of a two-layer RTI
confined in the lower half of a spheroidal container, by referring to the analogy that holds
between the rotating stratified flow in a spheroid and the motion of the Lagrange top, a
heavy symmetrical top, subject to the gravity force, with the center of the gravity and a
fixed point on the axis of symmetry [12]. The configuration where a heavy fluid layer lies
on a light one under rotation is likened to the sleeping top state, and the Coriolis force
is likened to the gyroscopic term. The parabolic deformation of the density interface
is precisely incorporated [13, 9]. In particular, we illuminate the effect of the bottom
topography, by varying the aspect ratio from prolate to oblate spheroids, and compare
it with the case of flat bottom.
Analogies between stratified incompressible flows under the gravitational force and
motion of a heavy rigid body are traced back to the eighteenth century. Greenhill [14]
noticed that the Euler equation for motion of a free rigid body describes flows, with
a class of spacially linear velocity fields, of an ideal incompressible homogeneous fluid
inside an ellipsoid. Poincaré [15] studied the motion of the incompressible fluid confined
in a spheroid which rotates about its axis of symmetry accompanied by the precession.
The analogy is helpful for understanding the phenomena of the baroclinic as well as the
barotropic rotating flows [6, 16]. The thermally stratified inviscid incompressible fluid,
with linear-in-coordinates velocity fields, confined in an ellipsoidal cavity, is shown to be
equivalent to a dynamical system called the baroclinic top [17]. As a common feature,
the motion of a rigid body obeys the Hamiltonian system, endowed with the Lie-Poisson
structure [12, 23].
Dolzhansky [12, 17] extensively investigated the baroclinic top equations in the
quasi-geostrophic and thermal-wind approximation, and gave an interpretation of the
mechanism for generation of atmospheric cyclogenesis due to the conversion of available
potential energy into the kinetic energy associated with the vertical vorticity. This
pertains to the baroclinic instability [6, 16]. He also applied the gyroscopic analogy to
treat the general circulation of the atmosphere, supplemented by a linear friction, for
simulating the effect of the planetary boundary layer and of the Newtonian heat sources,
stemming from temperature deviations from the background, though the treatment
is limited to an asymmetric top. Furthermore, for a spherically symmetric top, the
comparison was made between the analytical solutions of the quasi-geostrophic threewave model and of the top equations [18] in order to understand the mechanism for
the suppression of the gravity waves in the quasi-geostrophic approximation (see also
[19, 20]). Holm [21] extended the model to include the effect of salinity gradients with the
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spatially linear profiles. He developed a systematic method of using the tensor-moment
dynamics with an advantage of explicitly incorporating the boundary condition. So far
gyroscopic analogies have extensively been invoked for stably stratified flows, but not
much for unstably stratified flows. This paper highlights the gyroscopic effect possessed
by the Coriolis force and its ability to surpass the gravitational instability.
In section 2, we revisit the analogy showing that the sleeping top corresponds to
an unstably stratified state. We point out the correspondence between the Coriolis and
the gyroscopic forces. In section 3, we model the two-layer rotating flow confined in the
lower half part of a spheroid with the symmetric axis parallel to the vertical direction.
The interface shape is precisely incorporated and an approximate form of the dispersion
relation is presented for small angular velocity of the system rotation and for the near
critical state, by means of the variational formulation developed by Scase et al. [9].
The critical rotation rate for stability is calculated, with emphasis put on its shape
dependence of the container, the oblateness of the spheroid or a circular cylinder. The
gyroscopic analogy helps to account for the variation of the critical rotation rate with
the aspect ratio of the spheroid. The last section (section 4) is devoted to a summary
and conclusions.
2. Analogy between rotating stratified flow in spheroid and Lagrange top
We start with a brief outline of the analogy of a rotating flow in the spheroid with the
motion of the Lagrange top [12].
2.1. Derivation of baroclinic top equations
Consider a flow of an inviscid incompressible stratified fluid confined in an upright
spheroidal container with its boundary prescribed by
S :=

x2 + y 2 z 2
+ 2 − 1 = 0.
a21
a3

(3)

We assume that the principal axis coincide with the coordinate axes, with the two of
principle axes, lying on the horizontal plane, equal in length a1 = a2 (Figure 1).

Figure 1. A sketch of the rotating flows (dotted helical wide arrow) confined in a
vertically placed spheroidal container, of length a1 , a2 (a1 = a2 ) and a3 , with the
symmetric axis oriented in the vertical direction.
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We denote the density by ρ = ρ0 + ρ0 (x, y, z, t), the buoyancy by b0 = −gρ0 /ρ0 . The
vorticity Ω = ∇ × v, with v being the velocity field, and q = ∇ρ0 /ρ0 are governed, in
the Boussinesq approximation, by
∂Ω
− (Ω · ∇)v + (v · ∇)Ω
= q × g,
(4)
∂t
3
X
∂q
+ (v · ∇)q = −
qk ∇vk ,
(5)
∂t
k=1
where g = −gez . The right-hand side of (4) represents the baroclinic torque term. As is
read from (4), the baroclinic torque, which acts when the density gradient is not parallel
to the gravity, creates and intensifies the vorticity. This is the source for the baroclinic
instability in the atmospheric and oceanic fluid dynamics [6, 16].
Introduce the solenoidal vector fields, being linear in coordinates, which are
particular stationary solutions of (4) and (5),
W1 = −

a3
a3
a1
a1
a2
a2
zj + yk, W2 = − xk + zi, W3 = − yi + xj,
a3
a2
a1
a3
a2
a1

where i, j and k are the unit basis vectors of the reference coordinate frame (x, y, z).
The axial symmetry (a1 = a2 ) should be kept in view. We seek a general non-stationary
solution of (4) and (5) in the form
v(x, t) =

3
X

ωk (t)Wk (x).

(6)

k=1

where x = (x, y, z). The coefficients ωk (t)(k = 1, 2, 3), being functions of t, are called
the Poincaré parameters [12]. Substitution from (6), (4) and (5) are reduced to
ṁ = ω × m + gσ × l0 ,

(7)

σ̇ = ω × σ,

(8)

where m = Iω, ωk = (a1 a2 a3 /ak Ik )Ωk , without taking summation
inertia-moment tensor, being a diagonal matrix, as defined by

 
I1 0 0
a22 + a23
0
0

 
2
2
I =  0 I2 0  = 
0
a3 + a1
0
2
0 0 I3
0
0
a1 + a22

in k. Here I is the


.

(9)

The components of the vector σ measure the density difference along the principal axes
of the ellipsoid defined by


1
∂ρ0
∂ρ0
∂ρ0
σ=
a1
i + a2
j + a3
k .
(10)
ρ0
∂x 0
∂y 0
∂z 0
In (4), l0 is a constant vector defined by l0 = a1 cos α1 i + a2 cos α2 j + a3 cos α3 k
where αi (i = 1, 2, 3) is the angle between the principal axis x, y and z and the gravity
acceleration vector g. This system of (7) and (8) is nothing but the Lie-Poisson equation

6
for the heavy symmetrical top with a fixed point along the symmetry axis, viewed in
terms of the coordinate frame tied to the body. In this context, m is the angular
momentum, ω is the angular velocity, σ is the gravity-direction vector and l0 is a
constant vector in the body frame. The gyroscopic terms stem from the first terms on
the right-hand side of (7) and (8). The last term of (7) originates from the baroclinic
torque.
By exploiting the analogy with the sleeping top, we unravel the stabilization
mechanism of the RTI which occurs at the rotating angular velocity larger than a critical
value [8, 9, 10, 22]. This scenario is illustrated in the following section.
2.2. Sleeping top and its counterpart
We recall the stability result of the sleeping state of the Lagrange top governed by (7)
and (8). The sleeping top is a steady solution
ω1 = ω2 = 0,

σ1 = σ2 = 0,

ω3 = ω30 ,

σ3 = σ30 ,

(11)

and l = (0, 0, −a3 ) for the upright orientation of the symmetric axis. Here the variables
marked by the index 0 are at our disposal. The well-known condition for the stability
of the sleeping top reads
4σ30 ga3 I1
2
,
(12)
ω30
>
I32
where σ30 corresponds to the mass of the top, a3 to the length from the fixed point to
the center of the gravity [23].
The translation of this result into the rotating stratified flow in the spheroid is
straightforward. By definition, ω3 is constant multiple of the vertical vorticity Ω3 and
ω1 = ω2 = 0 means that there is no vertical flow, with the horizontal circulatory-flow
velocity being independent of z. In view of (10), σ3 is a density gradient in the vertical
direction multiplied by a3 /ρ0 . For σ3 > 0, the vertical density gradient ∂ρ0 /∂z > 0,
corresponding to the state of a circulatory flow of a stratified fluid in which a lighter
fluid can sustain a heavier fluid. This analogy provides a clue for understanding the
ability of a light fluid layer to lift heavier ones above it. The suppression of RTI by
rotation as a whole is reasoned in an analogous manner [8, 9, 10, 22].
It is noteworthy that the gyroscopic force is indispensable for the stabilization of
the sleeping top. The motion of the Lagrange top is mathematically equivalent to that
of a spherical pendulum with charge, subject to the magnetic field generated by the
magnetic monopole sitting at the fixed point [24]. When the magnetic field is switched
off, the pendulum exhibits precessional motion, but is unable to stay above the fixed
point. It is the Lorenz force acting on the pendulum that can maintain the pendulum
above the fixed point. By invoking the analogy, the Coriolis force is indispensable for
lifting the heavy fluid layer above a light fluid layer. With this analogy kept in our
mind, we tackle with the problem of stabilization of RTI by rotation for a two-layer flow
confined in a spheroid.
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3. Rayleigh-Taylor instability in a half spheroid
We adopt the two-layer rotating flow in a circular cylinder [9] to that confined in the
lower half of a spheroidal container as shown in Figure 2. For simplicity, we assume
that the fluids are confined below a rigid lid placed on the equatorial plane. The upper
(lower) layer is denoted by subscript 1 (2). We use cylindrical polar coordinates (r, θ, z)
with unit vectors er , eθ and ez along the radial, the azimuthal and the vertical directions
respectively.

Figure 2. Two-layer fluids, subject to the gravity force with acceleration g, confined
in the lower half of a spheroid with the length of the symmetric axis a3 and the rest a1 ,
rotating with the angular velocity Ω along z-axis. The region is divided into two parts
D1 (D2 ) corresponding to the upper (lower) layer. A rigid lid is placed at z = a3 /2.
The interface z = z0 (r) is described by the dashed parabolic line.

3.1. Equations and boundary conditions
We introduce the coordinate system rotating, with angular velocity Ω = Ωez , to identify
a stationary solution easily. The half length of the symmetric axis is a3 and that of the
other principal axes is a1 . Ignoring viscosity, we write the momentum equation for the
fluid in each layer as
Duj
1
+ 2Ω × uj + Ω × (Ω × x) = − ∇pj − gez (j = 1, 2),
Dt
ρj

(13)

where x is the position vectors in the rotating frame and uj is the velocity field of the
layer j. The first term on the left-hand side of (13) is the Lagrange derivative of the
velocity, the second is the Coriolis force and the third is the centrifugal force.
When the fluid system execute the rigid-body rotation, uj = 0 is a steady solution
and the corresponding pressure distribution is



Ω2
5 2
2
pj = p0 − ρj gz −
r − a1
,
(14)
2
8
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with some constant p0 . We set the vertical coordinate z so that, in the absence of rotation
(Ω = 0), the density interface coincides with z = 0. The stress or the pressure should
be continuous across the interface. By requiring p1 = p2 on the interface z = z0 (r), we
obtain the form of the interface as


5 2
Ω2
2
r − a1 .
(15)
z0 (r) =
2g
8
Note that the interface is a isobaric surface and that its height is independent of the
fluid density ρ1 and ρ2 , although its stability may be altered by the density profile.
For later use, we define the radius a of the intersection of the interface with the
spheroidal
p wall from the center, obtained as the simultaneous solution of (3) and (15)
for r = x2 + y 2 , giving


q
1
4 4
2 2
2
(16)
a = 2 4 a1 Ω − 4a3 g + 8g 2 a23 (2a23 g 2 + a41 Ω4 ) .
2a1 Ω
For small values of |Ω|, (16) is approximated by


3
a21 Ω2
2
a ≈
1+
a21 .
4
12ga3

(17)

The amplitude of the perturbation of the velocity and the pressure, superposed
on the hydrostatic state is assumed to be small. Suppose that the density interface is
perturbed as
z = z0 (r) + ζ(r, θ, t),
(18)
where |ζ|  a3 . We describe the velocity and the pressure perturbations in terms of
scalar potentials φ1 and φ2 in such a way that (13) is automatically satisfied to O()
[25].


 2
1
∂
1 ∂
∇φj −
(ez × ∇φj ) + ez × (ez × ∇φj ) ,
(19)
uj = 
1+
4Ω2 ∂t2
2Ω ∂t

pj = p0 − ρj g {z − z0 (r)} − ρj

∂φj
1 ∂ 3 φj
+
∂t
4Ω2 ∂t3


,

(20)

for j = 1, 2. Imposition of the incompressibility condition ∇ · uj = 0 brings in equation
governing φj (j = 1, 2).
{∂t2 ∇2 + 4Ω2 ∂z2 }φj = 0 (j = 1, 2).

(21)

being the equation for the inertia-gravity waves [5, 7]. We seek the solution of (21)
complying with the conditions of no penetrating flow through the spheroidal wall
u · n = 0,

(22)
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where n is the unit outward normal vector to the spheroidal surface. The velocity should
be non-singular on the axis of rotation (r = 0).
r

∂φ2j
→ 0 as r → 0.
∂r

(23)

At the interface z = z0 (r) + ζ, we require continuity of the pressure and of the normal
velocity
p1 = p 2 ,
(24)
D
(z0 (r) + ζ) = u · ez .
Dt
We seek the normal-mode solutions of the form
φ = φ̂(r, z) exp{i(ωt + mθ)}, ζ = ζ̂(r) exp{i(ωt + mθ)},

(25)

(26)

where m ∈ N ∪ {0} is the azimuthal wavenumber. Substitution of (26) into (21) yields
!
∂ 2 φ̂j
1 ∂
∂ φ̂j
m2
r
− 2 φ̂j + (1 − µ2 ) 2 = 0,
(27)
r ∂r
∂r
r
∂z
where µ = 2Ω/ω [26]. The boundary condition (23) and (22) read, respectively,
r

∂ φ̂2j
→ 0 as r → 0,
∂r
!
∂ φ̂j
∂ φ̂j
r
+ mµφ̂j a23 = −(µ2 − 1)a21 z
at S = 0,
∂r
∂z

(28)
(29)

where the definition (3) for the spheroidal surface is to be remembered. The condition
(24) of pressure continuity across the interface z = z0 (r) yields, at order ,



1−A
2Ω2
1
1+A
2
φ̂2 −
φ̂1 .
iωµ ζ̂ =
1− 2
(30)
g
µ
A
A
The kinematic condition (25) is specialized, at O(), to, on either side of the interface,
!
∂ φ̂j µm
∂ φ̂j
2
0
+
φ̂j − (1 − µ2 )
(j = 1, 2),
(31)
iωµ ζ̂ = z0
∂r
r
∂z
where z00 ≡ dz0 /dr.
3.2. Variational formulation
Following the ingenious treatment of the preceding investigation [9], we appeal to
the variational formulation for manipulating the dispersion relation. The variational
principle has an advantage of gaining the eigenvalue with a high accuracy, without
having to use the accurate eigenfunction. The variational functional Φ[φ̂1 , φ̂2 ] is

10
constructed by multiplying (27) by ρj φ̂j and integrating over the domain D = D1 ∪ D2
(see Figure 2).
!
)
(
Z
2
∂ φ̂
m2
∂
φ̂
1
1 ∂
r
− 2 φ̂ + (1 − µ2 ) 2 dV.
(32)
Φ=
ρφ̂
2π D
r ∂r
∂r
r
∂z
Following the method outlined in [26], we rewrite the integral (32) in conservative form
!
!)
Z (
1 ∂
∂ φ̂
∂
∂
φ̂
Φ=
ρ
rφ̂
+ (1 − µ2 )
φ̂
dA
r
∂r
∂r
∂z
∂z
D̂

!2
!
Z 
2
∂ φ̂
∂ φ̂ 
m
−
ρ
dA,
(33)
+ 2 φ̂2 + (1 − µ2 )
r
∂z 
D̂  ∂r
where integration is implemented over the domain D̂ in the meridional plane given by
D̂ = {(r, z) | 0 ≤ r < a1 , −a3 (1 − r2 /a21 )1/2 ≤ z < 0}.
We evaluate the first integration over D1 and D2 separately. Defining I1 to be the
integral over D1 , we have
!
!
Z z0 (a) Z r0 (z)
Z a3 /2 Z R(z)
ρ1 ∂
ρ1 ∂
∂ φ̂1
∂ φ̂1
I1 =
rφ̂1
rdrdz +
rφ̂1
rdrdz
r ∂r
∂r
r ∂r
∂r
z0 (0)
0
z0 (a)
0
!
!
Z a1 Z a3 /2
Z a Z a3 /2
∂
∂
∂
φ̂
∂
φ̂
1
1
φ̂1
ρ1 (1 − µ2 )
φ̂1
ρ1 (1 − µ2 )
rdzdr +
rdzdr,
+
∂z
∂z
∂z
∂z
a
−Z(r)
0
z0 (r)
(34)
where r0 (z) is the inverse of z0 (r), and R(z) = a1 (1−(z+a3 /2)2 /a23 )1/2 and Z(r)+a3 /2 =
a3 (1 − r2 /a21 )1/2 represent the container wall. The definition of a is given by (17). By
virtue of the boundary conditions, (34) becomes, upon integration,
)
Z a (
Z a3 /2
∂
φ̂
∂
φ̂
1
1
0
2
I1 = ρ1
φ̂1 z0
− (1 − µ )
rdr − ρ1 µm
φ̂21
dz
∂r
∂z
r=R(z)
0
z0 (a)
z=z0 (r)
!
Z
a3 /2
2
2 Z a1
a
∂
φ̂
a
1
∂
φ̂
1
1
z φ̂1
dz − ρ1 32
φ̂1 r
+ µmφ̂1
rdr.
+ ρ1 (1 − µ2 ) 21
a3 z0 (a)
∂z
a1 a z
∂r
r=R(z)

z=−Z(r)

(35)
Here the first term has been obtained by applying the change of integration variable to
R z (a)
φ̂1
ρ1 z00(0) rφ̂1 ∂∂r
|r=r0 (z) dz. Repeating the similar procedure, we reduce the second integral
of (33) to
)
Z z0 (a)
Z a (
0 ∂ φ̂2
2 ∂ φ̂2
dz
I2 = −ρ2
φ̂2 z0
− (1 − µ )
rdr − ρ2 µm
φ̂22
∂r
∂z
r=R(z)
a3 /2
0
z=z0 (r)
!
2 Z z0 (a)
2 Z a
a
∂
φ̂
a
φ̂
∂
φ̂
2
2
2
+ ρ2 (1 − µ2 ) 21
z φ̂2
dz + ρ2 23
r
+ µmφ̂2
rdr.
a3 a3 /2
∂z
a1 0 z
∂r
r=R(z)

z=−Z(r)

(36)
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If φ̂ is an exact solution of (27), Φ(φ̂) = 0. It follows from (33) that

!2
!
Z 
2
∂ φ̂
m
∂ φ̂ 
+ 2 φ̂2 + (1 − µ2 )
dA = −I1 − I2 ,
ρ
r
∂z 
D  ∂r

(37)

because of construction of (32).
Here the reduced form (35) and (36) should be substituted for I1 and I2 in (37), and
the resulting expression is used for the second integral of (33). A further simplification
of (35) and (36) is achieved by exploiting the equation obtainable from (30) and (31)
by eliminating ζ.



2Ω2
1
1+A
1−A
2 ∂ φ̂j
0 µm
0 ∂ φ̂j
− (1 − µ )
= −z0
φ̂j +
1− 2
φ̂2 −
φ̂1
(38)
z0
∂r
∂z
r
g
µ
A
A
on the either side (j = 1, 2) of the interface z = z0 (r). After simplification with this
help, we eventually arrived at
2
Z ( 
1−A
(ρ2 − ρ1 )(1 − µ2 ) a
2 1+A ˆ
ω
φ2 −
φ̂1
Φ=
4g
A
A
0



 0 

Ω2
∂
1+A 2 1−A 2
gz0
∂
φ̂2 −
φ̂1
rdr. (39)
+
r + 2µm − g
Ω2 r 1 − µ2
∂r
∂z
A
A
z=z0 (r)
Many terms have been canceled with each other by virtue of (38), and there remains to
impose the boundary conditions at the interface.
Following [9], we build the functions φ̂1 and φ̂2 , together with the eigenvalue ω, by
superposing the eigenfunctions of (27), that attains the extremum of Φ.
!



kn r
kn z ∓ a23
p
φ̂jn (r, z) = Jm
,
(40)
cosh
a
a 1 − µ2
with n = 1, 2, . . . . Here Jm is a Bessel function of the first kind, kn is to be specialized
below We take the minus or plus sign in (40) according to whether j = 1 or 2 respectively.
The trial solution (40) satisfies both (27) and the no penetrating-flow condition at r = 0
and z = ±a3 /2. The radial no penetrating condition at z = a3 /2 and r = a1 reads, in
view of (29),




kn a1
kn a1
kn a1
Jm+1
= m(1 + µ)Jm
,
(41)
a
a
a
from which kn (n = 1, 2, 3, · · · ) are determined. The ratio kn /a is regarded as the
radial wavenumber with increasing radial nodes with n. For numerical construction, we
approximate φ̂1 and φ̂2 by a finite number N of the terms
φ̂j ≈

(N )
φ̂j

=

N
X

cjn φ̂jn , (j = 1, 2) for some N ≥ 1,

n=1

which is expected to approach the desired solution as N is increased.

(42)
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3.3. Single-mode approximation for small values Ω2 a/g
First, we look into the axisymmetric instability (m = 0). Substituting m = 0 into (41)
shows that kn ’s are the zeros of J1 (kn a1 /a). To have an idea, we consider the case of
a very low rotation rate (α = Ω2 a/g  1) and deduce an asymptotic expression of the
eigenvalue ω, for a single trial function φ̂1n and φ̂2n . By carrying out the integration
(39) [27, 28] and then taking the partial derivatives ∂Φ/∂c1n = 0 and ∂Φ/∂c2n = 0, we
obtain the eigenvalue ω, expanded in powers of α to O(α), as
2kn
tanh(kn δ̂)
ω 2 ≈ gA √
3a1


1 2 2
A 
2
2
2
kn δ̂ sech (kn δ̂) + tanh(kn δ̂) ,
+ 2Ω 1 + 2kn δ̂ csch(2kn δ̂) − kn A sech (kn δ̂) −
24
36δ̂
(43)
where δ̂ = a3 /a1 is the aspect ratio. Given g > 0, we confirm the well-known result of
RTI that, if the rotation is switched off (Ω = 0), A < 0 leads to ω 2 < 0, implying the
instability. The form of (43) is different from the counterpart of [9]. The characteristic
feature of (17) is that the parameter a appearing in (40) includes Ω, while, in the latter,
a, being the radius of the circular cylinder, is fixed.
It should be noted that the last term in the bracket in (43) with coefficient −A/36δ̂ is
intrinsic to the spheroidal geometry which is absent in the case of the circular cylinder
of finite length. As mentioned in [9], (43) implies that the rotation act to relax the
instability, that is, the negative first term is compensated for by the remaining terms
which altogether have positive contribution. For RTI occurring when the Atwood
number A is negative, the last term necessarily increases ω 2 , signifying that, in the
presence of rotation, the curvature of the container reinforces the stabilizing effect for
RTI.
A care is exercised. In the critical parameter regime for RTI, the second term is
comparable to the first, which may invalidate the expansion (43) in powers of the small
parameter of α. Any definite conclusion cannot be drawn for the suppression of RTI. In
the following subsection, a separate treatment is made when ω, rather than Ω, is small
compared to (a/g)1/2 .
3.4. Single-mode approximation for small values of ω 2 a/g
To convince ourselves the stabilization of RTI by the system rotation, we have to
scrutinize the dispersion relation in the parameter regime where all the terms balance
with each other, resulting in ω 2 ≈ 0.
We concentrate our attention on the regime near the stability threshold for which
2
ω a/g  1, with Ω left unrestricted. For m = 0, kn is generated by J1 (kn a1 /a) = 0.
We impose α = α0 + aω 2 α1 /g + ..., with α0 and α1 being constants to the determined
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to leading order in ω 2 a/g. For a single mode, the variational function is evaluated as
(ρ2 − ρ1 )(1 − µ2 )ω 2 a2 2
J0 (kn )
8g
(
2



 )
1−A
1 + A kn2
1+A
1 − A kn2 δkn2 2
δkn2 2
×
,
c1n −
c2n +
+
c −
−
c
A
A
2A
12
α0 1n
2A 12
α0 2n

Φ=

(44)
where δ = a3 /a with a defined by (16). This parameter should not be confused with
the aspect ratio δ̂ = a3 /a1 . The critical condition ∂Φ/∂c1n = 0 and ∂Φ/∂c2n = 0 gives
rise to the dispersion relation, to leading order in α, as


 


1 − A 1 kn2 δkn2
1 + A 1 kn2
δkn2
1 − A2
+
+
−
−
−
= 0.
(45)
A
2 12
α0
A
2 12
α0
A2
For the marginal state (ω = 0), α = α0 , being a constant. We gain from (45) the
Im[ω
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a1 g

a1 g

2
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Figure 3. Comparison of the
growth rate between oblate
spheroids (43) and circular cylinders of finite length [9].
The
oblate spheroid: (a1 , a3 ) = (4, 1)
(solid line) and (a1 , a3 ) = (2, 1)
(dot-dashed line). The circular
cylinder of radius a1 and length
2a3 : (a1 , a3 ) = (4, 1) (dotted line)
and (a1 , a3 ) = (2, 1) (dashed line).
The Atwood number A = −1 for
both cases. The horizontal axis is
α = Ω2 a1 /g and the vertical
p axis
is the imaginary part of ω a1 /g.

1.0

1.5

α
2.0

Figure 4.
The same as Figure 3 but for prolate spheroids:
(a1 , a3 ) = (1, 4) (solid line) and
(a1 , a3 ) = (1, 1) (dot-dashed line).
The circular cylinder of radius a1
and length 2a3 : (a1 , a3 ) = (1, 4)
(dotted line) and (a1 , a3 ) = (1, 1)
(dashed line).

critical value α0 = αc and then the critical rotation rate Ωc as
#

−1 "

 21
6δ
kn2
kn2 A2
kn2
Ω2c a
=
1−
1−
1−
−1 .
g
A
48
12
48

(46)
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Again we note that the parameter a includes the critical rotation rate Ωc , as is seen from
(17) in the case of small rotation rate Ω. The parameter kn that counts complexity
of the nodal structure of the perturbation increases monotonically with n, and, as a
consequence, Ω2c decreases with n. The critical rotation rate defined by (46) takes the
maximum value for n = 1. This is the desired critical rotation rate.
Here we use the exact representation (16) for a and solve (46) numerically to get
the critical rotation rate Ωc . Figures 3 and Figure 4 show variation, with the aspect
ratio δ̂ = a3 /a1 , of the appropriately normalized growth rate Im[ω] as a function of
α = Ω2 a1 /g for oblate (δ̂ < 1) and prolate (δ̂ > 1) spheroids, respectively. The Atwood
number A = −1 for both cases.
The aspect ratio δ̂ is a crucial parameter for the stability. The critical rotation
rate Ωsp for stability increases with δ̂. Larger rotation rate is required for being
stabilized as the spheroid is elongated. In the limit of a thin circular plate (δ̂ → 0),
the confined rotating flow is stable for any value of the rotation rate Ω. In order to
compare of spheroids with finite circular cylinders of radius a1 and length 2a3 , with
given aspect ratio a3 /a1 , we include the growth rate for the circular cylinder as well.
In Figure 3 for the oblate spheroid, we draw the graphs for (a1 , a3 ) = (4, 1) (solid
line), (a1 , a3 ) = (2, 1) (dot-dashed line), along with those for the circular cylinder of
(a1 , a3 ) = (4, 1) (dotted line) and (a1 , a3 ) = (2, 1) (dashed line). In Figure 4 for an
prolate spheroid, (a1 , a3 ) = (1, 4) (solid line) and (a1 , a3 ) = (1, 1) (dot-dashed line),
along with (a1 , a3 ) = (1, 4) (dotted line) and (a1 , a3 ) = (1, 1) (dashed line) for the
circular cylinder. Comparing the circular cylinder of finite length with the same aspect
ratio, the critical rotation rate Ωsp for a spheroid is smaller than Ωcy for the circular
cylinder [9]. This comparison demonstrates that the suppression of RTI by the system
rotation is enhanced by the effect of topography of the container. This effect becomes
more pronounced for an oblate spheroid than for a prolate spheroid, as is observed by
comparing Figure 3 with Figure 4.
Ωc
12
10
8
6
4
2
0.0

0.5

1.0

1.5

2.0


δ

Figure 5. The critical rotation rate Ωc against the aspect ratio δ̂ = a3 /a1 calculated
from (46) with n = 1. The solid line is for the spheroid and the dashed line is for the
finite circular cylinder. The oblate spheroid is corresponds to the range 0 ≤ δ̂ < 1.0
and the prolate is the range 1.0 < δ̂. The sphere is achieved when δ̂ = 1. The critical
rotation rate Ωc increases with δ̂.

A rough estimate of the critical rotation rate can be made with ease. Selecting
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n = 1 gives k1 ≈ 3.83(a/a1 ) for the first zero k ≈ 3.83 of J1 (k) [27]. Because kn /a is
the radial wavenumber associated with the n-th radial mode, the corresponding radial
wavelength is λ = 2πa/k1 = 2πa1 /3.83 which is the same as the critical wavelength
derived for the circular cylinder [9]. For the aspect ratio δ̂ = a3 /a1 = 1/4, we get the
critical rotation rate Ωsp = 1.32029 for the oblate spheroid and Ωcy = 1.78177 for the
finite cylinder. For the aspect ratio δ̂ = 2, the critical rotation rate is Ωsp = 10.5623 for
the prolate spheroid and Ωcy = 11.02 for the circular cylinder. For the aspect ratio δ̂ = 4,
the critical rotation rate is Ωsp = 14.2542 for the prolate spheroid with its cylindrical
counterpart Ωcy = 22.0401. For fixing n = 1, the variation of the critical rotation
rate Ωc with the aspect ratio δ̂ is displayed in Figure 5. The solid line is Ωsp for the
spheroid and the dashed line is Ωcy for the circular cylinder. The spherical symmetrical
container (δ̂ = 1) is included. We observe from Figure 5 that Ωsp is always smaller
than Ωcy . Larger angular velocity of the system rotation is necessary for suppressing
the instability as the spheroid is elongated.
We make an attempt at interpreting this dependence of Ωsp on δ̂ on the ground of
the gyroscopic analogy expounded in section 2. The moment I1 and I3 of the inertia
reflect the shape of the spheroidal container. In view of (9), I1 < I3 for an oblate
spheroid (a1 > a3 ), while I1 > I3 for an prolate spheroid (a1 < a3 ). The stability
2
criterion (12) for the sleeping top dictates that, given σ30 and I3 , larger value of ω30
is
required for stability of the sleeping state for the prolate spheroid. This is consistent
with our intuition and accounts for the above results of RTI for the discontinuous density
distribution, or, the two-layer fluid. In this analogy, the gyroscopic term measured by
ω30 corresponds to the Coriolis term parameterized by f . RTI of the two-layer flow in
a spheroid is suppressed by the Coriolis force in the same way as as the sleeping top is
stabilized by the gyroscopic term.
4. Conclusions and discussions
Unstably stratified flow with the Brunt-Väisälä frequency N 2 < 0 are gravitationally
unstable. The Rayleigh-Taylor instability (RTI) is regarded as a special case. By
rotating the system as a whole, the configuration of the unstably stratified state is
maintained without being overturned, if the rotation rate is sufficiently large. So is the
state of RTI in which a heavy fluid layer lies on top of a light fluid layer. The paper has
shed light on the stabilizing mechanism of the system rotation by way of the analogy
with motion of the Lagrange top, a heavy symmetrical rigid body, with a fixed point,
undergoing the gravity force. The state of the sleeping top is likened to the unstable
stratified flow.
The analogy with the Lagrange top becomes formally complete for the flow confined
in a spheroid with the symmetric axis oriented in the vertical direction. The sleeping
top is stable if the angular velocity about the symmetric axis is greater than the critical
value as given by (12). A close look at (12) tells that larger angular velocity about the
symmetric axis is necessary for a more elongated spheroid to be stabilized. A small
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angular velocity is sufficient for an oblate spheroid, close to a circular plate, to be
stabilized. With this background, we have examined the linear stability of a rotating
flow confined in the lower-half of a spheroid covered by a rigid lid placed on the equatorial
plane. A heavier fluid layer is sustained above a light fluid layer by rotating the system
as a whole with its angular velocity greater than a critical value. The shape of the
interface at the static state is a hyperboloid representing the isobaric surface. The form
of the parameter a (16) makes distinction from the case of a circular cylinder of finite
length [8, 9]. A higher rotation rate is required for stabilizing the two-layer rotating
flow confined in a more elongated spheroid. Crudely speaking, the critical rotation rate
increases linearly in the aspect ratio a3 /a1 . The qualitative feature is comprehensible
by appealing to the analogy with the motion of the Lagrange top.
We have taken advantage of the variational formulation for calculating the
dispersion relation [26, 8, 9]. This method provides an efficient way for calculating
the dispersion relation and the critical rotation rate without entering into the detail of
the flow field.
This study invites several questions. Some analogies with meteorological problems
are worth pursuing [12]. We have ignored the viscosity and the heat conductivity.
Thomson-Tait-Chetayev’s theorem states that, for a system with an unstable potential,
a state stabilized by gyroscopic forces goes unstable after the addition of arbitrary
dissipation [30, 31]. In order to make clear the practical bearing of the stabilizing
mechanism of rotation, we are requested to examine the effect of the viscosity and other
dissipative mechanism. The motion of a free surface inside a spheroid is considered as
the liquid sloshing, which finds application in rocketry [29]. This problem is approached
by removing the solid lid placed on the equatorial plane. The effect of tilting the
symmetric axis from the vertical direction may bring a dramatic effect as is inferred
from rich behavior of the motion of a heavy rigid body. A rotating stratified fluid
confined in an obliquely tilted spheroidal container draws an analogy with motion of a
heavy symmetrical rigid body with the center of the gravity off the symmetric axis. Its
stability is currently under investigation. An interest also arises as to the stability of a
density interface on which the energy flux is produced as exemplified by the LandauDarrieus instability for the flame front [32]. These and related effects call for independent
investigation.
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