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�ê-Curve 

We define �êcurve by its Cesàro equation as follows :

�ê= �é�� = �=�á�O�á + �=�á�?�5�O�á�?�5+ �®+ �=�5�O+ �=�4 (5.13)

In the above equation, �ê= �é�� is given by a polynomial 

function of arc length s . 
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�ê-�&�X�U�Y�H���D�Q�G���2-Curve 

K.T. Miura, S. Suzuki, S. Usuki, R.U. Gobithaasan, �2-curve -Introduction of Cusps to Aesthetic Curves, Journal of Computational Design and Engineering, 
2020, 7(2), 155-164.

Kenjiro T. Miura, Sho Suzuki, R.U. Gobithaasan, Shin Usuki, Jun-ichi Inoguchi, Masayuki Sato, Kenji Kajiwara, Yasuhiro Shimizu, "Fairness 
metric of plane curves defined with similarity geometry invariants," Computer-Aided Design and Applications, DOI:10.1080/16864360.2017.1375677, 2017.

Similarity Curvature of Typical Curve

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝜃𝜃𝜃𝜃

= − −1
𝑛𝑛𝑛𝑛+1

𝑆𝑆𝑆𝑆2 − 𝑛𝑛𝑛𝑛+1
(𝑛𝑛𝑛𝑛−1)2

where 𝑛𝑛𝑛𝑛 is degree of the curve.

37
Sato, M., & Shimizu, Y. (2016). Generalization of log-aesthetic curves by Hamiltonian formalism. JSIAM Letters, 8, 49-52.
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τ-Curve

K.T. Miura, S. Suzuki, S. Usuki, R.U. Gobithaasan, τ-curve -Introduction of Cusps to Aesthetic Curves, Journal of Computational Design and Engineering, 
2020, 7(2), 155-164.

41

τ-Curve

K.T. Miura, S. Suzuki, S. Usuki, R.U. Gobithaasan, τ-curve -Introduction of Cusps to Aesthetic Curves, Journal of Computational Design and Engineering, 
2020, 7(2), 155-164.
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𝜎𝜎𝜎𝜎-Curve 
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Kawaii Engineering

Zhipei Yan, Stephen Schiller, Gregg Wilensky, Nathan Carr, Scott Schaefer, “κ-Curves: 
Interpolation at Local Maximum Curvature,” TOG, 36(4), 129, 2017.

Kawaii Engineering, editor: Michiko Ohkura, Springer 2019.

Japanese word: “かわいい”   
English word: cute, lovable, charming, (cool)

For 2D and 3D objects, kawaii preference for curved shape is in common. 

Κ-CURVE

43

τ-Curve
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κ-curves examples

48

κ-curves

Zhipei Yan, Stephen Schiller, Gregg Wilensky, Nathan Carr, Scott Schaefer, “κ-Curves: 
Interpolation at Local Maximum Curvature,” TOG, 36(4), 129, 2017.

The κ-curve is a recently published interpolating spline which consists of 
quadratic Bézier segments passing through input points at the loci of local 
curvature extrema. [Yan2017]. It has the following properties:

1. It passes through all input point.
2. All the curvature extremum points are input points.
3. Curvature continuity (G2 continuity) is guaranteed except for inflection points.

47

εκ-Curves: 
Controlled Local Curvature Extrema

Kenjiro T. Miura1

R.U. Gobithaasan2

Péter Salvi3

Dan Wang1

Tadashi Sekine1

Shin Usuki1

Jun-ichi Inoguchi4

Kenji Kajiwara5

1Shizuoka University
2University Malaysia Terengganu
3Budapest U. of T. and E.
4University of Tsukuba
5Kyushu University

K.T. Miura et al. εκ-Curves: Controlled Local Curvature Extrema, The Visual Computer, 2021. 
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εκ-curves: Local modifications

a=0.85 a=0.85 a=0.85

All a=0.85

51

εκ-curves: extended κ-curves

Constrained cubic curve

𝑑𝑑𝑑𝑑𝜅𝜅𝜅𝜅
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

= 0: polynomial of degree 9 in terms of parameter t

For one curve segment

１．Proof of at most one curvature extremum[1]

２．Uniqueness of the solution passing the input point[2]

[1] K. T. Miura, “One peak,” November 2020. [Online].
Available: https://mc2-lab.com/KTMiuraOnePeak.pdf

[2]K. T. Miura , “Unique solution,” November 2020. 
[Online]. Available: https://mc2-
lab.com/KTMiuraUniqueSolution.pdf
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Disadvantages of κ-curves and its improvement

The values of curvature extrema can’t be controlled！

[Yan2019]
Increase DOF by using rational quadratic Bézier curve.

Proposed method
Increase DOF by elevating degree from quadratic to cubic.

Advantage
Not only rational quadratic Bézier, but also other various 
type of curves

Z. Yan, S. Schiller, and S. Schaefer, “Circle reproduction with interpolatory curves at local 
maximal curvature points,” Computer Aided Geometric Design, vol. 72,
no. 6, pp. 98–110, 2019.
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Contributions

１．Inherent nice properties of κ-curve 

２．Applicable for various curves(polynomial, rational，trigonometric, etc.)

３．Not necessary to increase # of input points to control curvature extrema

４．Global and local control of curvature extrema

５．As fast as κ-curves

Prototype in Julia
P. Salvi, (2020, November) ϵκ-curves. [Online] Available:
https://github.com/salvipeter/ekcurves/tree/master

Movie file
[Online] Available: https://mc2-lab.com/ek-curves.mp4

εκ-curves: Sample code in Julia and Movie file

54

εκ-curves: Comparison with Log-Aesthetic Curves

Log-aesthetic curves

εκ-curves

CAD’24, Eger, Hungary                      Kenjiro T. Miura 53

εκ-curves: Global modifications

52
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Future works

Surface
1. Log-aesthetic surface?
2. Not K-surface, but κ-surface?

K-Surfaces: Bézier-Splines Interpolating at Gaussian Curvature Extrema (2023)
Tobias Djuren, Maximilian Kohlbrenner, Marc Alexa
ACM Transactions on Graphics (Proc. of Siggraph Asia)

56

εκ-curves: Movie file

55
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Intrinsic and extrinsic singularities and curvatures of piecewise smooth
surfaces

Miyuki Koiso
Institute of Mathematics for Industry, Kyushu University, Japan

Abstract

We study piecewise-smooth (PS in short) surfaces which are two-dimensional topological manifolds made by
connecting finitely many smooth surfaces. We discuss intrinsic and extrinsic singular points of such surfaces
and give new definitions which represent curvature and sharpness at each point in the ‘edges’ and at each ‘ver-
tex’ of such a surface. Especially, the intrinsic singularities are defined intrinsically by using a generalization
of the classical Bertrand-Puiseux Theorem, which gives a power series expansion of the length of the geodesic
circle with respect to the radius. Then, as an application of the new concepts mentioned above, we represent the
well-known Gauss-Bonnet Theorem that gives a relationship between curvatures and topology for surfaces in a
simple form. We discuss also the definition and characterization of PS developable surfaces which are locally
isometric to planar domains. Our definitions of intrinsic curvatures can estimate how far a PW-smooth surface
is from being developable.
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1.Motivation

3

Definition（Piecewise smooth surface）．
Let 𝑀𝑀 = 𝑖𝑖=1ڂ

𝑘𝑘 𝑀𝑀𝑖𝑖 be a 2-dim. connected 
oriented 𝐶𝐶∞- manifold included in ℝ3. If 𝑀𝑀
satisfies the following conditions (i) - (iii), we 
call 𝑀𝑀 a piecewise smooth (PW-smooth in
short) surface in ℝ3.

 (i) Each 𝑀𝑀𝑖𝑖 is an oriented connected smooth submanifold
with piecewise smooth boundary 𝜕𝜕 𝑀𝑀𝑖𝑖 and unit normal 
vector field 𝜈𝜈𝑖𝑖 in ℝ3. 
(ii) If 𝑖𝑖 ≠ 𝑗𝑗, then 𝑀𝑀𝑖𝑖∩ 𝑀𝑀𝑗𝑗 = 𝜕𝜕 𝑀𝑀𝑖𝑖 ∩ 𝜕𝜕 𝑀𝑀𝑗𝑗 holds.
(iii) For each 𝑖𝑖, the unit normal 𝜈𝜈𝑖𝑖 satisfies the following 
condition: For any local coordinates (𝑢𝑢1, 𝑢𝑢2), 

𝜕𝜕
𝜕𝜕𝑢𝑢1

, 𝜕𝜕
𝜕𝜕𝑢𝑢2

, 𝜈𝜈𝑖𝑖 gives the canonical orientation of ℝ3.

𝜈𝜈5𝜈𝜈1

International Conference "Evolving Design and Discrete Differential 
Geometry - towards Mathematics Aided Geometric Design"

March 13, 2025, Nishijin Plaza, Kyushu University

Miyuki Koiso 
（IMI, Kyushu University, Japan）

Intrinsic and extrinsic singularities and 
curvatures of piecewise smooth surfaces*

1

*This work is supported by JST CREST Grant Number JPMJCR1911 
and JSPS KAKENHI Grant Number JP20H01801.

Plan of talk

1. Motivation

2. Bertrand-Puiseux Theorem and its generalization
3. Definitions of intrinsic singular points and 

curvatures
4. Gauss-Bonnet Theorem.
5. Idea of the proof of the generalized Bertrand-

Puiseux Theorem
6. Summary

2
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2. Bertrand-Puiseux Theorem and its generalization

Let 𝑀𝑀 be a PW-smooth surface. For 𝑝𝑝, 𝑞𝑞 ∈ 𝑀𝑀,
dist 𝑝𝑝, 𝑞𝑞 ≔ the smallest length of PW 𝐶𝐶∞curves
connecting 𝑝𝑝 and 𝑞𝑞 in 𝑀𝑀.

6
Cylinder and geodesics

helix

Cylinder covered with a disc and 
its non-smooth shortest path 
connecting 𝑝𝑝, 𝑞𝑞.

Remark. A shortest path is not necessarily smooth!

𝑝𝑝𝑝𝑝 is a straight 
line segment. 

𝐴𝐴𝐴𝐴 is a part of 
a helix.

1.Motivation (continuation)

5

Def. 1. A piecewise (PW)-smooth surface 𝑀𝑀 is said to be 
developable if it is isometric to a planar region 𝑅𝑅 (that is, 
there exists a Lipschitz continuous bijective mapping 𝐹𝐹
from 𝑀𝑀 onto 𝑅𝑅 that preserves the length of each curve).

Remark 1. It is well-known that a smooth surface 𝑀𝑀 is 
developable if and only if the Gaussian curvature 
𝐾𝐾 𝑝𝑝 of 𝑀𝑀 vanishes at any point 𝑝𝑝 ∈ 𝑀𝑀. 

F 𝑅𝑅𝑀𝑀𝐶𝐶
𝐹𝐹(𝐶𝐶)

Question. Estimate how far a PW-smooth surface is 
from being developable. 

1.Motivation (continuation)

4

Definition（Extrinsic singular points）．
Let 𝑀𝑀 = 𝑖𝑖=1ڂ

𝑘𝑘 𝑀𝑀𝑖𝑖 be a PW-smooth surface.
 (i) If 𝑀𝑀𝑖𝑖 ∩ 𝑀𝑀𝑗𝑗 ≠ 𝜙𝜙 and 𝑖𝑖 ≠ 𝑗𝑗, then 𝑀𝑀𝑖𝑖 ∩ 𝑀𝑀𝑗𝑗 is called 
an extrinsic edge (or simply, edge) of 𝑀𝑀.
(ii) If 𝑝𝑝 = 𝑀𝑀1 ∩∙∙∙∩ 𝑀𝑀𝑁𝑁 ∈ 𝑀𝑀𝑜𝑜 (𝑀𝑀1, …, 𝑀𝑀𝑁𝑁 are all 
different, and 𝑁𝑁 ≥ 3) is called an extrinsic vertex (or 
simply, vertex) of 𝑀𝑀.

𝜈𝜈5𝜈𝜈1
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Let 𝑀𝑀 = 𝑗𝑗𝑀𝑀𝑗𝑗ڂ be a PW smooth surface. And let 𝑝𝑝 ∈ 𝑀𝑀𝑜𝑜 . 

9

Theorem 1 (Koiso) (1) Let 𝑝𝑝 = 𝑀𝑀1 ∩⋯∩𝑀𝑀𝑁𝑁 be a 

vertex of 𝑀𝑀. then 𝐿𝐿 𝑝𝑝; 𝑟𝑟 = σ𝑖𝑖=1
𝑁𝑁 𝜎𝜎𝑖𝑖 𝑟𝑟 −

1
2σ𝑖𝑖=1

𝑁𝑁 𝑘𝑘𝑔𝑔𝑔𝑖𝑖 0 + 𝑘𝑘𝑔𝑔2𝑖𝑖 (0) 𝑟𝑟2 −
1
6σ𝑖𝑖=1

𝑁𝑁 𝐾𝐾𝑖𝑖 𝑝𝑝 𝜎𝜎𝑖𝑖 + (𝑘𝑘𝑔𝑔𝑔𝑖𝑖 )′ 0 + (𝑘𝑘𝑔𝑔𝑔𝑖𝑖 )′(0) 𝑟𝑟3 + 𝑜𝑜 𝑟𝑟3 . 

(2) Let 𝑝𝑝 be an interior point of an edge 𝐸𝐸= 𝑀𝑀1 ∩
𝑀𝑀2. Denote by 𝑘𝑘𝑗𝑗(𝑝𝑝) the geodesic curvature of 𝐸𝐸 ⊂
𝑀𝑀𝑗𝑗at 𝑝𝑝 w.r.t. the inner normal. Then, 𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 2𝜋𝜋𝜋𝜋 −
𝑘𝑘1 𝑝𝑝 + 𝑘𝑘2 𝑝𝑝 𝑟𝑟2 − 𝜋𝜋

6 (𝐾𝐾1 𝑝𝑝 +𝐾𝐾2(𝑝𝑝))𝑟𝑟3 + 𝑜𝑜 𝑟𝑟3 . 

2. B-P Theorem and its generalization (continuation)

𝐿𝐿 𝑝𝑝; 𝑟𝑟 𝑟𝑟.

𝜎𝜎5
𝜎𝜎1

Next, let 𝑀𝑀 = 𝑗𝑗𝑀𝑀𝑗𝑗ڂ be a PW-smooth surface. 

And let 𝑝𝑝 = 𝑀𝑀1 ∩∙∙∙∩ 𝑀𝑀𝑁𝑁 .

8

2. B-P Theorem and its generalization (continuation)

In a neighborhood 𝑈𝑈𝑖𝑖 of a point 
𝑝𝑝 ∈ 𝑀𝑀𝑖𝑖, we use  the geodesic polar 
coordinate (𝑟𝑟, 𝜃𝜃) to represent any 
point as 𝑞𝑞𝑖𝑖 = 𝑞𝑞(𝑟𝑟, 𝜃𝜃) ∈ 𝑀𝑀𝑖𝑖 ∩ 𝑈𝑈𝑖𝑖, 
(𝜗𝜗1𝑖𝑖 𝑟𝑟 ≤ 𝜃𝜃 ≤ 𝜗𝜗2𝑖𝑖 (𝑟𝑟)).

𝜎𝜎𝑖𝑖 is the inner angle of 𝑀𝑀𝑖𝑖 at 𝑝𝑝, 𝐾𝐾𝑖𝑖(𝑝𝑝) is the Gaussian 
curvature of 𝑀𝑀𝑖𝑖 at 𝑝𝑝, 𝑘𝑘𝑔𝑔𝑔𝑖𝑖 (r) is the signed geodesic curvature 
of the edge 𝑀𝑀𝑖𝑖 ∩ 𝑀𝑀𝑖𝑖−1 and 𝑘𝑘𝑔𝑔2𝑖𝑖 (r)  is that of 𝑀𝑀𝑖𝑖 ∩ 𝑀𝑀𝑖𝑖+1.

𝑁𝑁 = 5

𝑞𝑞𝑖𝑖

2. B-P Theorem and its generalization (continuation)

Let 𝑀𝑀 be a PW-smooth surface. The Gaussian 
curvature of 𝑀𝑀 at a regular point  𝑝𝑝 ∈ 𝑀𝑀 is 
denoted by 𝐾𝐾 𝑝𝑝 . The geodesic circle in 𝑀𝑀
with center at 𝑝𝑝 and radius 𝑟𝑟 is defined as 
𝐶𝐶 𝑝𝑝; 𝑟𝑟 = 𝑞𝑞 ∈ 𝑀𝑀|dist 𝑞𝑞, 𝑝𝑝 = 𝑟𝑟 , and the 
length of 𝐶𝐶 𝑝𝑝; 𝑟𝑟 is denoted by 𝐿𝐿 𝑝𝑝; 𝑟𝑟 .

Bertrand (1848. For general R-mfd, Gray1974). If 
𝑝𝑝 ∈ 𝑀𝑀 is a regular point, then for small 𝑟𝑟 > 0,
𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 2𝜋𝜋𝜋𝜋 − 𝜋𝜋

3 𝐾𝐾 𝑝𝑝 𝑟𝑟3 + 𝑜𝑜 𝑟𝑟3 .

𝑀𝑀
𝑝𝑝 𝑟𝑟

𝐶𝐶 𝑝𝑝; 𝑟𝑟

Rem. If 𝑀𝑀 is a plane, 𝐶𝐶 𝑝𝑝; 𝑟𝑟 is a round 
circle with radius 𝑟𝑟 and 𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 2𝜋𝜋𝜋𝜋.

𝑝𝑝

𝑝𝑝

𝑟𝑟

𝑟𝑟

𝐶𝐶 𝑝𝑝; 𝑟𝑟

saddle 7

𝐾𝐾 𝑝𝑝 > 0

𝐾𝐾 𝑝𝑝 < 0
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3. Definition of intrinsic singular points and curvatures (cont.)

12

Let 𝑀𝑀 = 𝑗𝑗𝑀𝑀𝑗𝑗ڂ be a PW-smooth surface. Let 𝑝𝑝 ∈
𝑀𝑀𝑜𝑜. Represent the length 𝐿𝐿 𝑝𝑝; 𝑟𝑟 of the  geodesic 

circle 𝐶𝐶 𝑝𝑝; 𝑟𝑟 in 𝑀𝑀 with center at 𝑝𝑝 and radius 𝑟𝑟 as 

𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 𝑎𝑎1(𝑝𝑝)𝑟𝑟 + 𝑎𝑎2(𝑝𝑝)𝑟𝑟2+𝑎𝑎3(𝑝𝑝)𝑟𝑟3+ 𝑜𝑜 𝑟𝑟3 .  

𝑀𝑀3

𝑀𝑀4
𝑀𝑀1

𝑀𝑀2

𝑃𝑃4
𝑃𝑃3

𝑃𝑃1

Def. 1(K). (i) If 𝑎𝑎1(𝑝𝑝) ≠ 2𝜋𝜋,
we call 𝑝𝑝 an intrinsic vertex of 𝑀𝑀. 
(ii) We call the set of points that 
satisfy both  𝑎𝑎1(𝑝𝑝) = 2𝜋𝜋 and 𝑎𝑎2(𝑝𝑝) ≠ 0
intrinsic edges of 𝑀𝑀.

𝐸𝐸2

𝐸𝐸1

(𝐸𝐸1, 𝐸𝐸2 : edges of 𝑀𝑀)
Cylinder 𝑀𝑀 = σ𝑗𝑗=1

3 𝑀𝑀𝑗𝑗

𝑀𝑀

(𝑃𝑃𝑖𝑖: vertices)

Def. 2 (K). (i) We call  𝑆𝑆 𝑝𝑝 ≔ 2𝜋𝜋 − 𝑎𝑎1(𝑝𝑝) the sharpness of 𝑀𝑀 at 𝑝𝑝. 
(ii) We call 𝑘𝑘𝑒𝑒 𝑝𝑝 ≔ −𝑎𝑎2(𝑝𝑝) the edge curvature of 𝑀𝑀 at 𝑝𝑝. 
(iii) We call 𝐾𝐾 𝑝𝑝 ≔ − Τ3 𝜋𝜋 𝑎𝑎3(𝑝𝑝) the Gaussian curvature of 𝑀𝑀 at 𝑝𝑝. 

𝑃𝑃2 Pillow box

Theorem 2 (K). A PW-smooth surface is locally 
developable. ⟺ 𝑆𝑆 𝑝𝑝 = 𝑘𝑘𝑒𝑒 𝑝𝑝 = 𝐾𝐾 𝑝𝑝 = 0, ∀𝑝𝑝𝑝𝑝𝑝𝑝.

11

Example 3. 𝑀𝑀 = 𝑀𝑀1 ∪ 𝑀𝑀2, 𝑝𝑝 ∈ 𝐸𝐸=𝑀𝑀1 ∩ 𝑀𝑀2,

𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 2𝜋𝜋𝜋𝜋 − 2 cot 𝜃𝜃
𝑅𝑅 𝑟𝑟2 − π

3𝑅𝑅2 𝑟𝑟3+ 𝑜𝑜 𝑟𝑟3

𝜃𝜃𝑀𝑀1

𝑀𝑀2

2. B-P Theorem and its generalization (continuation)

Example 2. Let 𝑀𝑀 be a cube. Then, for 
each vertex 𝑝𝑝, 𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 3

2 𝜋𝜋𝜋𝜋.

10

Example 1. 𝑀𝑀 = 𝑀𝑀1 ∪ 𝑀𝑀2 ∪ 𝑀𝑀3, 𝑝𝑝 ∈
𝐸𝐸 = 𝑀𝑀1 ∩ 𝑀𝑀2, where 𝑀𝑀1 is a part of a 
cylinder with radius 𝑅𝑅, 𝑀𝑀2 and 𝑀𝑀3 are 
flat disks with radius 𝑅𝑅. Then, 

𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 2𝜋𝜋𝜋𝜋 − 1
𝑅𝑅 𝑟𝑟

2+ 𝑜𝑜 𝑟𝑟4 .

2. B-P Theorem and its generalization (continuation)

For a regular arc 𝛾𝛾 ⊂ 𝑀𝑀, the signed geodesic curvature

𝑘𝑘𝑔𝑔 is expressed as 𝑘𝑘𝑔𝑔 =
det( ሶ𝛾𝛾 ሷ𝛾𝛾 𝜈𝜈)

ሶ𝛾𝛾 3 .
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5. Idea of the proof of the generalized 
Bertrand-Puiseux Theorem (continuation)

Recall the length of the geodesic circle 𝐶𝐶 𝑝𝑝; 𝑟𝑟
𝐿𝐿 𝑟𝑟 ≔ 𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 𝑎𝑎1(𝑝𝑝)𝑟𝑟 + 𝑎𝑎2(𝑝𝑝)𝑟𝑟2+𝑎𝑎3(𝑝𝑝)𝑟𝑟3+ 𝑜𝑜 𝑟𝑟3

≈ σ𝑖𝑖=1
𝑁𝑁 𝜗𝜗1𝑖𝑖׬ (𝑟𝑟)

𝜗𝜗2𝑖𝑖 (𝑟𝑟) ℎ 𝑟𝑟, 𝜃𝜃 𝑑𝑑𝑑𝑑. Then, using L’Hopital’s rule again, 

𝑎𝑎2 = lim
𝑟𝑟→+0

𝐿𝐿 𝑟𝑟 −𝑎𝑎1𝑟𝑟
𝑟𝑟2 = lim

𝑟𝑟→+0
𝐿𝐿′′ 𝑟𝑟
2 = −1

2 σ𝑖𝑖=1
𝑁𝑁 𝑘𝑘𝑔𝑔 2

𝑖𝑖 + 𝑘𝑘𝑔𝑔 1
𝑖𝑖 .

𝑎𝑎3 = lim
𝑟𝑟→+0

𝐿𝐿 𝑟𝑟 − 𝑎𝑎1𝑟𝑟 − 𝑎𝑎2𝑟𝑟2
𝑟𝑟3 = lim

𝑟𝑟→+0
𝐿𝐿′′ 𝑟𝑟 − 2𝑎𝑎2

6𝑟𝑟
= −1

6σ𝑖𝑖=1
𝑁𝑁 𝜎𝜎𝑖𝑖𝐾𝐾𝑖𝑖 𝑝𝑝 + lim

𝑟𝑟→0
(𝑘𝑘𝑔𝑔𝑔𝑖𝑖 )′(𝑟𝑟) + (𝑘𝑘𝑔𝑔𝑔𝑖𝑖 )′(𝑟𝑟) ,

where 𝜎𝜎𝑖𝑖 is the inner angle of 𝑀𝑀𝑖𝑖 at 𝑝𝑝. Moreover we estimate the error 
term. From these we obtain the result. 

15

𝑀𝑀

5. Idea of the proof of the generalized 
Bertrand-Puiseux Theorem 

14

Let 𝑀𝑀 be a PW-smooth surface. And let 𝑝𝑝 = 𝑀𝑀1 ∩⋯∩
𝑀𝑀𝑁𝑁 ∈ 𝑀𝑀𝑜𝑜. Near the point 𝑝𝑝 ∈ 𝑀𝑀𝑖𝑖, we use  the geodesic polar 
coordinate (𝑟𝑟, 𝜃𝜃) to represent any point as 𝑞𝑞𝑖𝑖 = 𝑞𝑞(𝑟𝑟, 𝜃𝜃), (𝜗𝜗1𝑖𝑖
𝑟𝑟 ≤ 𝜃𝜃 ≤ 𝜗𝜗2𝑖𝑖 (𝑟𝑟)), and metric 𝑑𝑑𝑠𝑠2 = 𝑑𝑑𝑟𝑟2 + ℎ2𝑑𝑑𝜃𝜃2, where 

ℎ = (𝑞𝑞𝜃𝜃 ∙ 𝑞𝑞𝜃𝜃)
1
2. Then, 𝐿𝐿 𝑝𝑝; 𝑟𝑟 ≈ σ𝑖𝑖=1

𝑁𝑁 𝜗𝜗1𝑖𝑖׬ (𝑟𝑟)
𝜗𝜗2𝑖𝑖 (𝑟𝑟) ℎ 𝑟𝑟, 𝜃𝜃 𝑑𝑑𝑑𝑑 .

Let 
𝐿𝐿 𝑝𝑝; 𝑟𝑟 = 𝑎𝑎1(𝑝𝑝)𝑟𝑟 + 𝑎𝑎2(𝑝𝑝)𝑟𝑟2+𝑎𝑎3(𝑝𝑝)𝑟𝑟3+ 𝑜𝑜 𝑟𝑟3 .
Then, using L’Hopital’s rule, we obtain

𝑎𝑎1 = lim
𝑟𝑟→0

1
𝑟𝑟 σ𝑖𝑖=1

𝑁𝑁 𝜗𝜗1𝑖𝑖׬ (𝑟𝑟)
𝜗𝜗2𝑖𝑖 (𝑟𝑟) ℎ 𝑟𝑟, 𝜃𝜃 𝑑𝑑𝑑𝑑 =

lim
𝑟𝑟→0

σ𝑖𝑖=1
𝑁𝑁 𝜗𝜗1𝑖𝑖׬ (𝑟𝑟)

𝜗𝜗2𝑖𝑖 (𝑟𝑟) ℎ𝑟𝑟𝑑𝑑𝜃𝜃 = σ𝑖𝑖=1
𝑁𝑁 𝜗𝜗2𝑖𝑖 − 𝜗𝜗1𝑖𝑖 =the sum of the 

inner angles around 𝑝𝑝, here we used lim
𝑟𝑟→+0

ℎ𝑟𝑟 = 1.

4. Gauss-Bonnet Theorem

Proposition 1 (K). Let 𝑀𝑀 be a closed PW-smooth 
surface with Euler characteristic 𝜒𝜒. And let ෨𝐸𝐸 be the 
union of all intrinsic edges of 𝑀𝑀. Then, it holds that

𝑀𝑀׬ 𝐾𝐾 𝑑𝑑𝑑𝑑 + ෨𝐸𝐸׬ 𝑘𝑘𝑒𝑒 𝑑𝑑𝑑𝑑 + σ𝑝𝑝𝜖𝜖𝜖𝜖 𝑆𝑆(𝑝𝑝)=2𝜋𝜋𝜋𝜋,
where 𝑑𝑑𝑑𝑑 is the area element of 𝑀𝑀 and 𝑑𝑑𝑑𝑑 is the line 
element at regular points of ෩𝐸𝐸.

13

The classical Gauss-Bonnet Theorem can be 
represented as follows.
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16

⚫ We generalized the classical Bertrand-Puiseux Theorem to PW-
smooth surfaces (say 𝑀𝑀). For example, 

let 𝑝𝑝 = 𝑀𝑀1 ∩⋯∩𝑀𝑀𝑁𝑁 be a vertex of 𝑀𝑀. Then the length of the 
geodesic circle 𝐶𝐶 𝑝𝑝; 𝑟𝑟 in 𝑀𝑀 with center at 𝑝𝑝 and radius 𝑟𝑟 is 

𝐿𝐿 𝑝𝑝; 𝑟𝑟 = σ𝑖𝑖=1
𝑁𝑁 𝜎𝜎𝑖𝑖 𝑟𝑟 −

1
2σ𝑖𝑖=1

𝑁𝑁 𝑘𝑘𝑔𝑔𝑔𝑖𝑖 0 + 𝑘𝑘𝑔𝑔𝑔𝑖𝑖 (0) 𝑟𝑟2 −
1
6σ𝑖𝑖=1

𝑁𝑁 𝐾𝐾𝑖𝑖 𝑝𝑝 𝜎𝜎𝑖𝑖 + (𝑘𝑘𝑔𝑔𝑔𝑖𝑖 )′ 0 + (𝑘𝑘𝑔𝑔𝑔𝑖𝑖 )′(0) 𝑟𝑟3 + 𝑜𝑜 𝑟𝑟3 ,
where 𝐾𝐾𝑖𝑖 is the Gauss. curvature, and 𝑘𝑘𝑔𝑔𝑗𝑗𝑖𝑖 is the geodesic curvature.
⚫We defined intrinsic singular points (edges and vertices) and 

curvatures of PW-smooth surfaces. 
⚫We gave a simple representation of the Gauss-Bonnet Theorem 

using the intrinsic singular points at curvatures there.
⚫ We explained ideas of the proof of the main result.

6. Summary
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Abstract

In this talk, we propose a geometric shape generation of roof design for ideal lighting. The idea is based on
the variational problem for anisotropic energy, originally proposed as a mathematical model for crystal growth.
In our implementation, users can intuitively specify the direction in which they want to improve lighting.
Moreover, our approach allows us to generate shapes with natural “internal boundary”. While the main idea
will be introduced in the smooth setting, we also propose a discretization for triangulated surfaces and shape
generations.

Let S2 be the unit sphere in the 3-dimensional Euclidean space R3 and γ : S2 → R be a positive-valued
smooth function. For a smooth surface M in R3, we define the anisotropic energy Fγ(M) as follows:

Fγ(M) =
∫

M
γ(N) dA,

where N denotes the unit normal vector field along M and dA denotes the area element. The minimizer of the
anisotropic energy among all closed “surfaces” enclosing the same volume is called the Wulff shape. Moreover,
a critical point of the anisotropic energy under volume-preserving variations can be characterized as a “constant
anisotropic curvature” condition. If γ ≡ 1, the functional gives the area, and therefore, this situation can be
regarded as a generalization of constant mean curvature (CMC) surfaces, which gives a mathematical model
of soap bubbles. The above model of “generalization of soap bubbles” is useful for shape generation in the
following two ways:

• While soap bubbles are “homogeneous”, Wulff shapes, in general, “change the size of the faces according
to the direction of the normal vector”, which can be used to specify the “direction of lighting”.

• While soap bubbles have “no edges”, Wulff shapes generally have “edges”, and natural “internal bound-
aries” can be generated without connecting several surface pieces.

References

[1] Miyuki Koiso and Bennett Palmer, Geometry and stability of surfaces with constant anisotropic mean
curvature, Indiana University Mathematics Journal 54 (2005), 1817–1852.
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A “summary” of this talk

A “summary” of this talk

• Shape generation with “corners” without connecting surface patches.
• The user specifies the direction in which they want to create more faces by

changing the parameters (“ideal lighting”).
• The idea came from the geometry of anisotropic energy, which originates the

crystal growth model.

JSIAM Letters Vol. 14 (2022) pp.57–60 Yoshiki Jikumaru

Fig. 4. Discrete anisotropic minimal surfaces (numerically), left:

a = b = 1, middle: a = 2, b = 1, right: a = 1, b = 2.

Fig. 5. Anisotropic energy descent, right: the Wulff shape.

(ν81 +ν82 +ν83)
1/8. We used JavaView version 5.01 for the

implementation [6].

7. Second variation and stability

In the following, we assume the energy density γ is
of class C2. A variation is called admissible if the varia-
tion is volume-preserving and fixes the boundary. Then a
discrete CAMC surface Mh is said to be stable if the sec-
ond variation of the anisotropic energy is non-negative
for any admissible variation. The following lemma can
be proved similarly to [1, Lemma 5.1].

Lemma 12. For a discrete CAMC-Λ surface Mh, we
have

δ2Fγ :=
d2

dt2 |t=0
Fγ =

∑
p

⟨vp, δ(∇pFγ + 2Λ∇p Vol)⟩ ,

for any admissible variation.

We now decompose δ2Fγ into the sum of two terms

tv⃗Qγ v⃗ :=
∑
p

⟨vp, δ(∇pFγ)⟩,

tv⃗QV v⃗ :=
∑
p

⟨vp, δ(∇p Vol)⟩,

where tv⃗ = (tv1, . . . ,
tvn) ∈ R3n and n is the number of

interior vertices. Then Qγ and QV are 3n× 3n-matrices
and we have

δ2Fγ =
d2

dt2 |t=0
Fγ = tv⃗(Qγ + 2ΛQV )v⃗.

A direct calculation shows the following statement.

Proposition 13. If we consider the matrix Qγ as an
n×n grid with a 3×3 entry Qγ

p,q for each pair of interior
vertices p, q of Mh, then

(1) Qγ
p,q = 0 when the vertices p and q are not adjacent.

(2) For the diagonal entries Qγ
p,p we have

tvpQ
γ
p,pvp =

∑
T

1

4Area(T )
⟨dξγ(P r,q

T vp), P
r,q
T vp⟩,

(26)
where

P r,q
T vp := (I − νT · tνT )((r − q)× vp), (27)

and the summation is taken over all triangles T =
(p, q, r) in star (p).

(3) For adjacent vertices p and q we have

tvpQ
γ
p,qvq =

1

2

∑
T

1

2Area(T )
⟨dξγ(P r,q

T vp), P
p,r
T vq⟩

+ ⟨ξγ(νT ), vp × vq⟩, (28)

where the summation is taken over two triangles in
star (pq)

Remark 14. If we take γ ≡ 1, then the above results
reduce to the area functional case in [1, Proposition 5.1],
since a direct calculation shows the following relations:

⟨P r,q
T vp, P

r,q
T vp⟩ = tvp(|r − q|2νT · tνT )vp, (29)

⟨P r,q
T vp, P

p,r
T vq⟩ = tvp(−⟨p− r, q − r⟩νT · tνT )vq, (30)

⟨νT , vp × vq⟩ = tvp(e · t(Je)− Je · te)vq, (31)

where e = (p− q)/|p− q| and Je = νT × e.

Corollary 15. Let γ : S2 → R>0 be of class C2 and
convex, i.e., the differential dξγ is positive semi-definite.
If a discrete CAMC surface Mh has only one interior
vertex, then it is stable.

This result generalizes the stability result for discrete
CMC surfaces in [1, Corollary 5.1].

Proof The single interior vertex is denoted by p, and
star (p) = Mh. Then for any vector vp ∈ R3 we have

δ2Fγ =
∑
T

1

4Area(T )
⟨dξγ(P r,q

T vp), P
r,q
T vp⟩, (32)

and the convexity of γ proves the statement.
(QED)
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The “target” objects

Figure: London City Hall Figure: Entrance of Metro Bilbao

https://hash-casa.com/2021/09/08/londoncityhall/
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