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基礎理論研究部門
応用に関心のある純粋数学者を置き，課題は明確であ
るが，解決のための数学的手法が明らかでない場合に
その手法を明らかにするための基礎研究を行うための
部門です．革新的技術イノベーションを導くための基
礎研究を行います．(IMIホームページより）

白井朋之 

九州大学IMI 基礎理論研究部門

専門分野 ：確率論
様々なところに現れるランダムな現象全般に興
味がある．特に，ランダムな点配置（点過程）
の問題は，これまで多くの時間を費やしてきた
研究対象である．
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a. 客の訪問時間（待ち行列） 

b. 素数 

c. 原子 Er (エルビウム） 
のエネルギー準位 

d. ラプラシアンの固有値 

e. リーマンゼータ関数の零点 

f. 等間隔

Bohigas ‘84

ミレニアム問題（１００万ドル）

1次元の点配置の例

クレイ数学研究所



これらの違いや特徴をどうやって表現（数学的に言語化）する？

2次元のランダム点配置

良い特徴量・サマリーを見出す

無相関 ランダム行列の固有値 ランダム解析関数の零点
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Figure 1: A sample of point configuration of center-of-masses of bushes in a desert. The sizes
of area are indicated not by real lengths in meters but by numbers of pixels for the
digital data; Lx = 1627, Ly = 895. The total number of points is N = 9853 and
the density is ρ ! 6.77 × 10−3. The bush-size (mass) distribution is represented by
colors of each points; the points with masses 1 ≤ M(Xj) ≤ 49 are green, the points
with 50 ≤ M(Xj) ≤ 99 are blue, and the points with M(Xj) ≥ 100 are red. See
Section 3 how to produce such digital data.

sufficient amount of water and nutrition. It is expected that such survival competitions
will cause strong and long-ranged repulsive interactions among plants. Figure 1 shows one
sample of point process obtained from the real data of bushes distributed in the 2195.1 m
× 1208.25 m area in a desert found in the Talampaya Natural Park in Argentina. There
we plotted N = 9853 points Xj ∈ Λ, j = 1, 2, . . . , N , each of which gives the center-of-
mass of a bush. As explained in detail in Section 3, we will define a size for each bush,
which we call a mass and write as M(Xj), j = 1, 2, . . . , N in the present paper. We
have obtained several real samples of point configurations of center-of-masses of bushes
P = {Xj}Nj=1 weighted by masses {M(Xj) : Xj ∈ P} in deserts. Such weighted point
configurations are called marked point processes in mathematical literature [2, 5]. The
partial information of masses is shown by coloring of points in Fig. 1.

We can see in Fig. 1 that the point configuration tends to sparse around the points
whose masses M(Xj) ≥ 100 (the bushes with large sizes indicated by red points). On
the other hand, the points with small masses M(Xj) ≤ 49 (the bushes with small sizes
indicated by green points) tend to be dense and make clusters. Therefore, if we ignore
the mass data and only look at the point configuration of center-of-masses of bushes, the
density fluctuation seems to be large. Such a situation is similar to PPP and we can
not expect hyperuniformity. In the present paper, however, we show that if we take into
account the mass data correctly, the sample of marked point process shown by Fig. 1
as well as some other samples obtained from the real data of bushes in deserts are in
hyperuniform states at least in the observed scales.

As briefly explained in Section 2, there are some families of random unmarked point
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福岡県のバス停鳥の巣(Akemann et al.) 砂漠の植物

携帯無線基地局 岩石の空隙(CT画像） 短時間フーリエ変換

Spectrogram Zeros as a PP TF filtering A case study

Spectrogram + zeros
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2次元の点配置の具体例



トポロジー的データ解析

数学者 Gunnar Carlsson (Stanford)が2008年にAYASDIを設立
（2019年にSymphony AIによって買収）

- 医療分野・ヘルスケア(がん・糖尿病）
- 金融・不正検知
- デジタルイメージ解析

データの「形」に着目してデータ解析を行う．

Data has shape. Shape has meaning. Meaning drives values.
データは形をもつ．形は意味をもつ．そして，意味は価値を生む．
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SiO2 （シリカ）の原子配置

液体

ガラス

結晶

分子動力学法による 
シミュレーション



SiO2（シリカ）のパーシステント図

液体

ガラス

結晶

Y. Hiraoka, T.Nakamura, 
A.Hirata, K.Matsue et al. 2016

atoms was explicitly derived as a surface in a parameter space of
the triangles. Moreover, we verified that these curves are pre-
served under strain, indicating that the PD properly encodes the
material property of elastic response. Next, as examples of the
random packing structure, the Lennard-Jones (LJ) system and
Cu-Zr metallic glass were studied by the PDs, and we clarified
the following. (iv) These amorphous solids were also character-
ized well by the distributions of curves and islands in the PDs.
(v) In the LJ system, the global connectivity of dense packing
regions was revealed by dualizing octahedral arrangements. (vi) In
Cu-Zr alloys, we found that the pair-distribution function defined
by the octahedral region in the PD shows the split second peak.
Furthermore, a relationship between the hierarchical ring struc-
ture and high glass-forming ability was discovered in Cu-Zr alloys.

PDs of Atomic Configuration
The input to PDs is a pair A= ðQ,RÞ of an atomic configuration
Q= ðx1, . . . , xNÞ and a parameter set R= ðr1, . . . , rNÞ. Here, xi
and ri are the position in R3 and the input radius for the ith atom,
respectively. To characterize the multiscale properties in Q, we

introduce a parameter α, which controls resolution, and generate a
family of atomic balls BiðαÞ= fx∈R3

!!kx− xik≤ riðαÞg having the
radius riðαÞ=

ffiffiffiffiffiffiffiffiffiffiffiffi
α+ r2i

q
. We vary the radii of the atomic balls by

α and detect rings and cavities at each α, where α≥ αmin :=
−minfr21, . . . , r2Ng.
Let ck be a ring or cavity constructed in the atomic ball model

BðαÞ=∪N
i=1BiðαÞ at a parameter α. To be more precise, a ring

[respectively (resp.) cavity] here means a generator of the ho-
mology H1ðBðαÞÞ [resp. H2ðBðαÞÞ] with a field coefficient (17).
Then, we observe that there is a value α= bk (resp. α= dk) at
which ck first appears (resp. disappears) in the atomic ball model.
The values bk and dk are called the birth and death scales of ck,
respectively. The collection of all of the ðbk, dkÞ∈R2 of rings
(resp. cavities) is the PD denoted by D1ðAÞ [resp. D2ðAÞ] for A
(Fig. 1). It follows from the structure theorem of persistent ho-
mology (11) that the PDs are uniquely defined from the input.
From this construction, ðbk, dkÞ encodes certain scales of each ck.
For example, in D1ðAÞ, bk indicates the maximum distance between
two adjacent atoms in the ring ck, whereas dk indicates the size of ck.
In this article, our basic strategy is that we transform a com-

plicated atomic configuration into PDs and try to identify mean-
ingful shape information from specific distributions such as curves
or islands in the PDs. Namely, we reconstruct characteristic atomic
subsets from each distribution. To this aim, we compute the op-
timal cycle for each point ðbk, dkÞ∈DℓðAÞ on the distribution.
Mathematically speaking, for a given homology generator ck of
ðbk, dkÞ, the optimal cycle is obtained by solving a minimizing
problem in the representatives of ck under ℓ1-norm (see refs. 18
and 19). Our method combining PDs with optimal cycles provides
a tool to study inverse problems of PDs and effectively works in the
geometric analysis of glass structures, as we will see shortly.
For a mathematically rigorous introduction of these concepts

see Supporting Information or refs. 10 and 11. In this article, the
PDs are computed by CGAL (20) and PHAT (21).

PDs for Continuous Random Network Structure
Fig. 2 shows the PDs D1ðAliqÞ, D1ðAamoÞ, and D1ðAcryÞ of a liquid
Aliq = ðQliq,RliqÞ, an amorphous Aamo = ðQamo,RamoÞ, and a crys-
talline Acry = ðQcry,RcryÞ state of silica, respectively. Here, the
horizontal and vertical axes are the birth and death scales, respec-
tively, and the multiplicity of the PDs is plotted on a logarithmic
scale. The configurations Qliq, Qamo, and Qcry are acquired by
molecular dynamics simulations using the Beest–Kramer–Santen
(BKS) model (22). The input radii R are set to be rO = 1.275 Å
and rSi = 0.375 Å for each type of the atom (O or Si), which were
determined from the first peak positions of the partial radial
distribution functions of the amorphous configuration Qamo. The

Fig. 1. Atomic balls (Top) and the PD D1ðAÞ (Bottom). New rings appear at
αi   ði= 2,3,4,5Þ, and the dashed rings express the disappearance. This is a
schematic illustration showing the rings on CP (red), CT (blue), CO (yellow),
and BO (green) in silica glass. The large and small balls correspond to oxygen
and silicon atoms, respectively.

Fig. 2. PDs of the liquid (Left), amorphous (Middle), and crystalline (Right) states with the multiplicity on the logarithmic scale. In the amorphous state, the
three characteristic curves and one band region are labeled CP,CT,CO, and BO, respectively. The insets in D1ðAamoÞ show rings in the hierarchical relationship,
where the red and blue spheres represent oxygen and silicon atoms, respectively.

7036 | www.pnas.org/cgi/doi/10.1073/pnas.1520877113 Hiraoka et al.
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CO2の地下貯留とミネラル化
CO2 を地下に注入する際， 
CO2がミネラル化して蓄積
して，流れが悪くなる． 

どのような岩石が注入に適
しているか？102 T. Tsuji et al.

Bentheimer sandstone

H0
H1
H2

(a) (b)

Birth

D
ea

th

Birth

D
ea

th

Berea sandstone

H0
H1
H2

Fig. 5 Persistence diagrams of two natural sandstones. a Berea sandstone and b Bentheimer sand-
stone. The color of the dots in the BD plots indicates the different dimensions, i.e., H0, H1, and H2,
in which H0 (blue dots) are aligned parallel to the vertical axis

(a) (b) (c)

Fig. 6 Persistence diagrams of different rock types. The rock model in panel (a) is the same as that
in Fig. 5a. The upper three panels show CT slice images of different rock types with their respective
persistence diagrams shown in the lower panels. In the CT slices, the pore spaces are white in color.
The persistence diagrams displayed are from H1, in which the color indicates the density of the BD
plots. The color bar indicates the contour level of the probability density function for each point in
persistence diagram, which is estimated by the nonparametric Gaussian kernel density estimation
(KDE). Single BD points are highlighted by dots

kaji@imi.kyushu-u.ac.jp

Joint with Fei Jiang(山口大), Takeshi Tsuji (東大),  

Anna Suzuki(東北大), Linh Thi Hoai Nguyen(I2CNER)
CO2のミネラル化により 
流れが悪くなる．

格子ボルツマン 
（計算時間大）

ランダムウォーク 
（計算時間小）



セルラーネットワークとSINR

ランダム 反発あり
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一番近い基地局からのシグナルを受けて， 
その他の基地局からの電波はノイズとなる． 

SINRはそのシグナルとノイズの比 
(Signal-Inference Noise Ratio)
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joint with 三好直人(東工大) 
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2次元の点配置
違う種類の画像（点）は反発しているランダム 反発性あり

10 ✖ 10 = 100 個の 
濃淡（数字）で決まる 
⇒ この画像は100次元 
の１点とみなす

10

10

画像x座標・y座標の２個の数字 
で決まる

 100万画素の画像達は100万次元の点配置

!10 !5 0 5 10
!10

!5

0

5

10

Poisson

!10 !5 0 5 10
!10

!5

0

5

10

Ginibre

<latexit sha1_base64="INGluMl3xVjif4EHOpwGYUHBP5Q="></latexit>

R2
<latexit sha1_base64="zEJPdlj5c+uDswlMqQ+nv/rxnEo="></latexit>

R1000000



「ジャガー」を検索したら？

類似性

類似性 
　＋ 
多様性

多様性 = 反発性
Joint with Rudy Raymond (IBM), 
Takayuki Osogami (IBM), Akshay Goel,  
Takanori Maehara (NII)

この反発性（多様性）を 
機械学習へ応用

a. ２,3次元の点配置の反発性 
電子の反発，鳥の巣が離れている 

b. 100万次元の点配置の反発性 
画像の多様性


