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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

HEEWME - MR E DEBEANDER
-BrfiL & B D EEMIED T & FH -

(Propulsion of Collaboration between Mathematics and Materials
-Topics regarding Mathematical Description for Dislocation and Disclination-)

FJI3Z—, Junichi Nakagawa
Fr H#k{E< (BR) Nippon Steel & Sumitomo Metal Co.

Disordered structures in a crystal, such as lattice defects, are a primary factor in deter-
mining the mechanical properties of materials. For example, the plasticity observed in
the macro-scale world is caused by lattice defects called dislocations in the micro-scale
world. We have been focusing on the mathematical properties of lattice defects in the
Study Group Workshop and the FMSP mathematical research on real world problems
of the University of Tokyo. In these activities, the behavior of the screw dislocation
observed by material scientists was described by a simple formula. It was found that
the mathematical essence of the formula was monodromy. Then, the monodromy was
described using a bundle whose fibers constitute a discrete group, such as Z. Further-
more, both the screw and edge dislocations, moreover, disclination were described by
encoding the symmetry arising from the original lattice using Thurston’s monodromy;,
which was composed of local charts of the graph corresponding to the lattice defects,
and a coordinate change of these charts. The topics described above are problems
in mathematics originating from problems in materials and industry. Progress on the
problem is advancing mathematically year by year through interdisciplinary discussions
among the fields of mathematics, materials and industry, as well as among different
fields of mathematics. In this workshop, I hope to move to the next stage where
their theories make consistent mathematical and pragmatic progress with the social
cooperation of mathematics.
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Behavior of Dislocation in Different View Scale
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Study Group 2014, RX ———— Screw dislocation —

Observed Result S
by Material Scientists / j =
Screw Dislocation in BCC Lattice .

vector movement of
dislocation line

@ The Burgers vector is 1/2[111].
@ A dislocation starts at a boundary.

Atomic configuration
projected on a (111) plane.

[001]  1/2[111] vector,
the shortest length

@ The dislocation is more likely to
occur at a circuit around Circuit B

rather than Circuit A.

When the dislocation line is in
Triangle B, the arrangement of
atoms of Circuit B changes Circuit A.

The arrangement of atoms
of the circuit B in CCW:
************** 0-> b/3->2b/3
: The arrangement of atoms

of the circuit A in CCW:

0->2b/3-> 1b/3
projected on a
7> (1i0) plane.

7/
4"; 3

A = F e

NIPPON STEEL & SUMITOMO METAL

@ After the dislocation line passes { Sb@
Circuit B, the arrangement of atoms i
becomes Circuit B. {

B

TERHE A, APIERAIEm(1998), BE

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights

. Study Group 2014, B X
Derived Formula

for Describing the Behavior of Screw Dislocation

. , 0
[111] direction of atom’s movement _ . s
due to screw dislocation W=W, + f (X Xo ) 2 € [111]>
W
@ (T8 26/3 — <0< 7, xe{dislocation line}
A A
BA 24 B B f(t)=f(-t) teR
) 26/3] 0 5 b o
A A A Direction of  f (t)z 0,
dislocation .
B B e, :unit vector
2b/3 0 3 26/3 0 .
A A A of the [111]direction
B B
b 2b/3 0 3
A A A
B B . .
0 A 25/3 Dislocation line X, 4
© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights R d. - ﬁPOENﬁEU%WQMOMETAL
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Study Group 2014, R X
Validation of the Formula Using Computer Simulation
Dislocation at Circuit B in the case of f(x — xy)=|x — x|

The arrangement of B The arrangement of A The arrangement of B
oI |- Atom Growth Viewer ol |-

Atom Growth Viewer Bo |

Circuit B

5..\!!'A.!-.,

Circuit B Circuit B

.E-Aa'-\ia

¥ =
8 ] [ ]
Dislocation line Dislocation line

Dislocation line

. Ld
Circuit B The anrangement of atoms The arrangement of atoms
Dislocation line changes to Circuit A go back to Circuit B
0->b/3-> 2b/3 0->2b/3 -> 1b/3 5
B R G B R G HES
© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved. ‘ NIPPON STEEL & SUMITOMO METAL
SGW 2015

Monodromy of Screw Dislocation in BCC Lattice

[001]

t (111]
A P : atomic configuration projected on (111)
. ! - := base space fiber
‘ L :fiber on the base space p(X) .

dislocation core

{r1(P) - Aut(L)} = Hom(m((P),Z)
=~ HY(P;Z) > S

S={p e H'(P;Z) | p(d) € {+1,-1,0}}

P: Atomic configuration
projected on a (111) plane.

6
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SGW 2015% 22 IEFh -5/

Pacific Journal of Mathematics for Industry manuscript No.
(will be inserted by the editor)

An algebraic description of screw dislocations in SC
and BCC crystal lattices

Hiroyasu Hamada . Shigeki Matsutani -
Junichi Nakagawa - Osamu Saeki -
Masaaki Uesaka

Received: date / Accepted: date

Abstract We give an algebraic description of screw dislocations in a crystal,
especially simple cubic (SC) and body centered cubic (BCC) crystals, using
free abelian groups and fibering structures. We also show that the energy of a
screw dislocation based on the spring model is expressed by the Epstein zeta
function approximately.

Keywords Crystal lattice - screw dislocation - topological defect, mon-
odromy - group ring of abelian group - dislocation energy - Epstein zeta
funetion
7
MBS

b
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Commutative Diagram for Screw Dislocation in BCC Lattice

S = {zy} corresponds to
the position of the dislocation line

;BCC.c
8
Epe) —=Eg2\s

Proposition 6 Set v = exp(dry/=163/(v/3a)) € §' and consider the global
sections, -
= (& 1 _
BOC e Gye € L(B@,S5.), ¢=0,1,2,
t}; || B(C) L__,. ]:EQ \ S | {IS ;ﬁlhut constantly take the values (5 °, where (3 = exp(2m/—1/3). Then, we
| ave
2
~BCC, - e
0@ = U o0 (57 (6,,089))) B
=0
nl_E’;CC ,C €
1 5 1
Sp@ — SE2\s

B:= B H B ]_[ B2, BCCHEFZ#IHDI—L TR

B = {{1(a1 — a3) + €2(az — as) | {1,463 € Z},

B(l) = {El(a.l — ag) + gg(ag — 0-3) +ay — b|g1=€2 € Z}

B(Q) = {t"l(a] —ag)—i—f)g(ﬁ-g—ag)-i—al+ﬁ-2—b‘€1,82€Z}. . 8

. . W FEEsE
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B AFMSP 5%, A8, IR, FMSPHESKEERKHE(2017Fy)

BIEREERAREL2—
(2017)
LATTICE DEFECTS FROM MONODROMY

HOKUTO KONO, TSUKASA ISHIBASHI, AND SHO EJIRI

(a) Single screw dislocations are described in terms of the

monodromy of a fiber bundle by Hamada et. al °.

(b) There are many works on lattice defects in terms of singular
Riemannian manifolds.

We shall first consider a “topological version” of the approach (b),
which generalizes the basic part of (a) to edge dislocations and
disclinations. Qur tool is the monodromy of a (singular) affine
manifold.

It much simplifies the Riemannian geometry calculations.

®H.Hamada, S.Matsunami, J.Nakagawa, O.Saeki, M.Uesaka, An algebraic
description of screw dislocations in SC and BCC crystal lattices,

arXiv:1605.09550

9
A FESES
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58, B1E, IR, FMSPHSHIEERIIZE(2017Fy)

To describe monodromy in the sense of Thurston, we need the
notion of (G, X)-manifold.

X : a topological space

G : a group

Assume that G continuously acts on X: we have a group
homomorphism p : G — Homeo(X), where

Homeo(X) :={f: X — X | f is a homeomorphism }.

Actually we will only use the case that

m X is a C¥-manifold, and

m GcDiffX):={f: X — X|fisa C¥-diffeomorphism }
for our main purpose.

10
5 FBEEE
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S5, A IR, FMSPHEHIEEEIFIR(2017Fy)

Definition ((G, X)-manifold)

M : a topological space

(1) {(Uns @a)}a is a (G, X)-atlas on M if
m {U,} is an open covering of M,
m each ¢, : U, — X is a homeomorphism onto its image, and
B O Oqjgllcf’ﬁ(uang) : qﬁﬁ(Ua a U@) — qbcx(Ua M Uﬁ) is the

restriction of an element of p(G).
(2) M equipped with a (G, X)-atlas is called a (G, X)-manifold.

Each (U,, ¢, ) is called a (G, X)-chart.

1
B

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved. - NIPPON STEEL & SUMITOMO METAL

58, B1E, IR, FMSPHSHIEERIIZE(2017Fy)

For each (G, X)-manifold M, we can define a group
homomorphism which is called the monodromoy

Mon : 71 (M, po) — G

if we fix a point pp € M and a (G, X)-chart (Uy, ¢o) near po. (If
we change the initial data pp and (Up, ¢¢), the map is changed by
conjugation. )

12
-’ FE S

NIPPON STEEL & SUMITOMO METAL
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S5, A IR, FMSPHEHIEEEIFIR(2017Fy)

(1) Take a loop 7 :[0,1] —+ M with a base point pg.

(2) Take (G, X)-charts (U1, ¢1),...,(Un,®,) that cover the image of . (Note
that the neighborhood of the base point is already covered by Up.) Take
the covers such that U; N U;4; is non-empty and connected for each 7 €
{0,...,n—1}.

(3) There exists a unique g; € G such that g; gives the coordinate change of
(Ui, @i) and (U;+1, ¢i+1). (Here, for the uniqueness we need to assume that
X is C¥)

(4) One can show that Mony,([y]) := go---9gn—1 € G depends only on the
homotopy class of v (for the fixed chart (Uy, ¢g)).

In the following examples, we use G = aff(R?) := GL(R?) o« RZ?.
The group operationis (4,x) - (B,y) := (4B, Ay + x).

13
. BSER

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved. NIPPON STEEL & SUMITOMO METAL

5%, G5, IR, FMSPHSHIEERIT(2017Fy)

2

Example
(No defects) s, 1+e
] ] ] /—j—s I_ 1+¢
|~ o ; - : ( 0 ) ¢2 oy = g € Aff(R?)
93] 96 —1-e| L
Y g__ | 196 | 1 5 ge - (I, (_01)>

NIHO

ol
~_ o

Mony (Y)=9s 97 96 95 94 93 92 91
(1)) (+@) (%) (1) () (1) (2 @) (=)

:<1, (8)) € Aff(R?)

|h

N
~
>
(=]
-’

I~ L

14




5%, AE, IR, FMSPHEBIEERIME(2017Fy)

Example
(Edge dislocation)
] ]
/' E 98 97
B RN
/ (0,0) \
| [ T rE
g3 gda

S

Mony (Y)=99 gs 97 96 95 94 93 92 91

(1) (@) (@) (=) (1) (1) (1) (+O) (1))

:( I, (1)> e Aff( This corresponds to Burgers vector
0 with respect to the edge dislocation.
15

©2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved. B virron STEEL & SUMITOMO METAL

Burgers Vector

(a) Burgers circuit round a dislocation with positive line sense in the direction.
(b) The same circuit in a perfect crystal; closure failure is the Burgers vector.

Edge dislocation

The Burgers vector of P . ajm P v_ja
a dislocation is normal to _Burgers vector
the dislocation line. ) v (—1)
0
0 N 0 N
@) ()

%
’
X

/

Screw dislocation

£
%
Y

The Burgers vector of
a dislocation is parallel to
the dislocation line.

.
=S
ma

[
[ 7
iog
!
v\

Positive line sense
. (@

D. Hull and D. J. Bacon, Introduction to Dislocation, Butterworth-Heinemann (2011)

[ ]
s:
(I
s
A\

i

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved.
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BiESA, FMSPHEHIEEEMT(2018Fy)

Example
(Disclination) — L E’ ('r(ﬁ))
[
0
GISERSE
The coordinate neighborhoods are set T
to be parallel to the coordinate axes. %ﬂ

Monu)=((Soanrs) contmr ) () (+9) (1@) (1)) (1) (1))
(% D)D) DG DO+ DO)
_ ((_01 (1)) , (‘;)) € Aff(R?) .-

A MBEES
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Points under Discussion at SGW 2018 regarding Topic 2

A monodromy map can be regarded as a geometric invariant o
of lattice defects such as disclination as well as dislocations. i %L

H
HH
H
/ HEE

o

dislocated (tarsion)
q?

mapping

Y : Riemann surface
w = F(z)dz¥  Meromorphic k differential

yields .
w — singular affine structure on X

W= (% (z - t))dz4 =)

AESA, RAFMSPHESMIEREZRZR (2018Fy)

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved. NIPPON STEEL & SUMITOMO METAL
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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

P DR BUEEPIRR : KRB
(On observation of dislocations and phenomena
of plastic deformation in crystals)

RHEEZ, Kenji Higashida

PR T2 m E BT 22
National Institute of Technology, Sasebo College

In this talk, several observation results of dislocations and phenomena of plastic de-
formation in crystals are reported. The experimental results exhibit that dislocations
essentially control the mechanical behaviours of crystals such as plastic deformation and
fracture. A plastic deformation phenomenon called “kink deformation” is introduced,
since it attracts interests not only from materials engineering but also from mathemat-
ical field. The properties of dislocations and related phenomena play important roles
for the next generations.

_11_
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K. Higashida
National Institute of technology, Sasebo College,
Sasebo, Japan

(Department of Materials Science & Engineering, Kyushu
University)

IMI Workshop II: #& 2 ER{L O ST SRR AR AT
at IMIA—TF 1« b 7L (W1-D413) AMKFFHF v > /3R (2018.9.10)

Outline

1. SR B ER

Dislocations and plastic deformation

2. BRDILMEBE

Observations of various dislocation configurations

3. FOERIZDONT
Observations of Kink Deformation

_12_




Lattice Image of a slicon crystal observed by HR-TEM

Perfect crystal without defects

Electron Diffraction Pattern

http://www.ion-eng.co.jp

Lattice image of a silicon crystal irradiated by electron beam

lattice defects

http://www.ion-eng.co.jp
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Crystal lattice defects (#%&#&FXH)

Point defect: vacancy, interstitial atom
RXBE: [RFZEH, BFERF

Line defect: Dislocation
R T (v

Plane defect: Stacking fault, free surface
E R PBa: =P EHRRE

Volterra distortions in an elastic cylinder

Linear defects in structure-less continuum. There are no low bound restrictions on the strength of

disclinations and dislocations in the con 'niuslinacation Volterra (1907)

N g@

Disclination

_ Volterra dislocations. (a) Initial hollow cylinder with a cut I, e is the unit vector along
cvlinder axis. (b,c) Edge dislocations of Burgers vector b. (d) A screw dislocation. (e, f) Twist
disclinations of Frank vector w. (g) A wedge disclination.
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EDLIILTERMDFEIIZHSNIBDI=-DH ?
Crystal growth

X-ray diffraction spot

Mechanical properties
Mechanism of plastic deformation

Burgers vector

Stress-strain relation (5 1—U09 #EE{&)
when a metal rod is deformed in tension

ik Yield
[t stress

Stress e

Strain —™ %%Hmmmofr&&iw
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Mechanism of plastic deformation in a crystal

Slip deformation | ¥~YzxH
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Mechanism of plastic deformation in a crystal

p, |Slip deformation O000
QOO0
000
000
Q00
Q00.
00O
000
0O
OO0

Slip bands

F Ry Zinc single crystal  Tensile stress

Step by
slip deformation

(From C. F. Elam, The Di.s‘fr_;rrirm.r)f
Metal Crystals, Oxford University Press,
London, 1935.)
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Slip deformation in crystals

Slip system : slip

depends on

diréction

slip

F3tgneentered cubic crystal
{111}plane, <110>direction

Body-centered cubic crystal
{110}plane, <111>direction

Closed-packed hexagonal lattice
(0001)plane, <1120> direction

crystal structure

Slip plane
(111)

SLIP in a FCC

Slip direction
<110>

Proceedings of the Royal Society of London Series A(1934)

362

ism of Plastic Def
Part 1.—Theoretical.
By G. I Tavior, F.R.8,, Royal Bociety Yarrow Profes

The Mech ion of Crystals.

G.l. Taylor (1934)

(Roceived February 7, 1934.)

on the plastic deformation of single crystals, of

rock salt have given results which differ in detail but possess cey
characteristios.
In goneral the deformation of a single crystal in tension or
consists of a shear strain in which sheets of the crystal paralle
plane slip over one another, the direction of motion being some =i
lographie axis. The measure of this strain, which will be repr
is the ratio of the relative lateral movement of éwo paralle] planes
distanes between them, Thus it is defined in the same way as th
eonsidored in the theory of elasticity.

e o o & o e 000 ooco 00
e & & & o o000 0 e o 0 0 0O
+
o o & o O e e =B== O O 6 0o 000
e & & & © ‘0 a o o0 o 0o 0o 6 0O
e o © 06 © e 6 0 0 o 6 6 & 0 0O
a. b. .
Positive Dislocation.
o 0 0 00 e o 0 0 o o 0 000
‘e 0o 00 0 ©c 0 o 00 0000
e 00 0o 6 6 -0-8-0-- co0oo0oo00
e o 0 00O ©c 0o o 0O o o o 0 0
o 000 0 o 00 00 o o 0o 0o 0
. d. €. 2

F16. 4—Positions of atoms during the pmge of a dislocation.

Negative Dislocation.

1886-1975

British physicist and mathematician,
and a major figure in fluid dynamics and wave theory.
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Cambridge University

Bl il

;e (a) ©

The mechanism of slipping may be like the simple
shift from fig.(a) to (c), in which the whole of the
material on one side of a definite plane shifts
through the length of one lattice cell.

The mechanism of this simple shift differs from what
is observed in real materials.
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Differences from real materials:

(1) This ideal slipping would leave the material in the
form of a perfect crystal and the strength would
be unaltered by the distortion.

(2) To shift the whole of the upper row of atoms
simultaneously over the lower row would necessitate
the application of a stress comparable with the elastic
moduli of the material ( 1000 times larger than the
real strength)

(3) No room for explanation of the large observed
effect of temperature on plastic distortion.

Illustration of stress — strain curves
in fcc, bcec and hcp crystals

f.c.c.

Phenomenon of
Work-hardening

Shear stress

h.c.p.

y

Shear strain
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Differences from real materials:

(1) This ideal slipping would leave the material in the
form of a perfect crystal and the strength would
be unaltered by the distortion.

(2) To shift the whole of the upper row of atoms
simultaneously over the lower row would necessitate
the application of a stress comparable with the elastic
moduli of the material ( 1000 times larger than the

real strength)

(3) No room for explanation of the large observed
effect of temperature on plastic distortion.

Ideal strength for slip deformation

Simple shear along
the whole of the slip plane

b
~c T~
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Lattice energy
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Tideal : G
Shear modulus

1000 times larger
than the real strength
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Differences from real materials:

(1) This ideal slipping would leave the material in the
form of a perfect crystal and the strength would
be unaltered by the distortion.

(2) To shift the whole of the upper row of atoms
simultaneously over the lower row would necessitate
the application of a stress comparable with the elastic
moduli of the material ( 1000 times larger than the
real strength)

(3) No room for explanation of the large observed
effect of temperature on plastic distortion.

341C8'“" Temperature dependence of s-s relations

32+

Nb crystals
Ur ~113K :

10

stress

P.B.Hirsch et.al

0 0.2 0.4 0.6
+ strain
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Slip by dislocatios

The slipping is considered to occur not simultaneously
over all atoms in the slip plane but over a limited region
which is propagated from side to side of the crystal.

(a) The atoms in the lattice of a crystal block,

(b) A slip of one atomic spacing has been propagated from
left to right into the middle.

(c) The block after the unit slip (dislocation) has passed
through from left to right.

A looper
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Outline

1. ERfu B ER

Dislocations and plastic deformation

2. BRDISRIEHE

Observations of various dislocation configurations

3. FUOERIZDONT
Observations of Kink Deformation

High voltage Transmission Electron Microscope
at Kyushu University

Q energy filter

Accelerating voltage JEM-1300NEF with Q energy filter

1250kV
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In-situ observation in silicon crystals
deformed at 700°C

I9-2 [ 15 10.55:29

0.3um

Characters of dislocations in crystals
defined by two vectors

1.Burgers vector b
2. Dislocation line vector f

Edge dislocation: b _L t
Screw dislocation: b// t

Mixed dislocation: combination of two
components of edge and screw dislocs.
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Edge Dislocation

Shear Shear

wlimas stress stress
A B © D A4 B C D $ 4 € B

V008w
‘Hﬂ &

Unit step
of slip

T
88 dd
Dl ||l|11|llll|

dislocation
line

Edge dislocation
Extra-half plane

: Direction
of motion
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Signs of edge dislocations

determined by the direction of extra-half plane

1 2
.."‘.=.=..=.9 I
"""’I’.’.""

positive negative

Screw Dislocation

e e

Dislocation line
on a horizontal

e /
<7—,; / slip plane
G - vrvrvririg

/
A ’

r
b

D
< . "
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Top view from the direction perpendicular
t f to the plane on which dislocation line is lying

Screw Dislocation

C

T Burgers

vector

o Y 4b

Signs of screw dislocations

determined by the direction of
spiral configuration of atoms

\
c o

Right-handed (R-H) Left-handed (L-H)
Screw dislocation Screw dislocation
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Mixed Dislocation

rvative on one dislocation line

e

Burgers vector is cons

line

on a horizontal

slip plane

=
=
=
=~
o
=]
=
(]

Top view from the direction perpendicular

Burgers vector

to the plane on which dislocation line is lying

Mixed Dislocation
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Dislocation loop

E
SAERNABEESEEBNERREH
180 0 1 1 0 8 B 1
B e mEes -
Er__.rd = -
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P d S
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5

E: R e

An example of a Frank—Read source in silicon. The dislocation loops have been delineated by
chemical etching. In silicon, the loops are not circular; the anisotropic bonding of Si creates
“loops’”” composed of approximately straight segments. (From W. G. Dash, Dislocations and
Mechanical Properties of Crystals. ed. J. C. Fisher, Wiley, New York, 1957.)
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Frank—Read Source Dislocation source in a crystal

http://zig.onera.fr/DisGallery/

Frank-Read source in silicon crystals

deformed at 700°C

.*‘.

'l .
=k

3 N ETRAL R

0.3um
K. Higashida




Role of dislocations on mechanical properties

Not only the mechanism of plastic deformation
but also
strengthening

Work-hardening: To increase flow stress with
M TEEME increasing dislocation density

ghening: To suppress crack extw
SEEE by dislocation emission
\ from the crack-tip

MR DENIEE
Dislocation Configurations
1. BREmMOEDEAEE
Dislocation Configurations around a crack-tip
BFIEMIRE

Transmission electron microscopy images

2. MIFE{LE5IEEITEfIiEE
Dislocation Configurations causing
work-hardening
ERURRFLICED SR DERE

Dislocation distribution observed by etch-pits
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{001} incidence, g=020

Simulated image of screw disloc.

Im

RH screw LH screw

Right-handed
Simulated image screw disloc.
of screw dislocations

Inclining to the foil surface

/

l@
b=a011] 7
001 | gy 12 =101

s

//.

[010]
[100]

Under just Bragg condition

Left-handed
screw disloc.

u&b
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Dislocation configuration in front of a crack-tip in a MgO crystal

% 001 § e S ﬁ 4, = T
91 A "
o ; .2 3 F. .

o3 el

{001} incidence, g=020

Simulated image of screw disloc.
(b)

RH screw LH screw

Local Stress Intensity Factor k;
due to a Screw Dislocation
Y [010]

[010]

[001] 2 X [100] [001] * X 1100]
. R-H screw disloc.™
*h=1.0um L-H screw disloc. *h=10um =
~on (011) plane on (011) plane
2 2
@ 1 - @ 1 -
£ | Modell ] e | Mode Il |
= o Jomenene Meode I = 0 Mode Il pooaaCn S
s | S ¢ .
X 00000 Xe) poaag, 0000000
- -l PR | e SO e -
o Made | = Made |
2 + : : L 2 " . )
-2 -1 0 1 2 -2 -1 0 1 2
z' (um) z' (um)
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V. Bulatov, F.Abraham,
L. Kubin, B. Devincre,

S. Yip
1998
Crack and dislocations in Si crystal
.0
ks s \2
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Thickness 9.9um —

g=220

Without Q filter

Sum

Window width 80eV at energy loss 1300eV

Intensity

400 600 800 1000 1200 1400

1600 1800 2000 2200 2400 2600 2800
Energy loss eV




Thickness : 9.89um  BF image
80eV slit %
centered on 1300eV T
: [001]
mmi
[110]
«—

g=[220]

B2 DENIEE
Dislocation Configurations
1. BREIMEIEDEMIEE
Dislocation Configurations around a crack-tip
BFIRMIRE

Transmission electron microscopy images

2. MIFELE5IERITERNIEE
Dislocation Configurations causing
work-hardening
BB FLICED S T DERE

Dislocation distribution observed by etch-pits
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A. H. Cottrell.

Dislocations and Plastic Flow in Crystals (1953), P.151& 1)

14. WorK HARDENING

14.1. Introduction

Few problems of crystal plasticity have proved more challenging than
work hardening. It is a spectacular effect, for example enabling the
vield strengths of pure copper and aluminium crystals to be raised a
hundred fold. Also, it occupies a central place in the subject, being
related both to the nature of the slip process and to processes such as
recrystallization and creep. It was the first problem to be attempted by

the dislocation theory of slip and may well prove the last to be solved.

Etch Pits on j111 Plane

IYFEYNEIZKDER I D ERES

[321]

. %u.‘%m

_ o,
Cu-lat.%Ge Crystal SOl.,lm
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Dislocation Distribution Revealed by Etch-Pits /
v

Cu-1at.%Ge
Deformed at RT

Stage | 0.2%
:
E 5.5%
&
SHEAR STRAIN Y
21.1%
XERAGLRITEFER Cu-1at.%Ge (H118)
=
2%
b 2
g 20} 7
w
pe &)
= 2 2 1
W g} l é 4
w
U 1 i i i L
0 10 20 30 40 50
SHEAR STRAIN (%) wae
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3~ (Bend Gliding)

GRIP END LOCAL
_\B IG '

T

1B %8551 (Excess Dislocation) 4 RUEHD
Tt
w (Bending Axis)
4 g =

Geometrically Necessary
Dislocation

el

J. Takamura (1955)

Cu Crystal

Transition from Stage | to Il
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Dislocation Accumulation due to Kink Bands in Early Stage |l

Revealed by Etch-Pits in Cu Crystal Deformed at RT

Outline

1. BRI BT R

Dislocations and plastic deformation

2. BRDISIEAE

Observations of various dislocation configurations

3. FUUEMIZDONT
Observations of Kink Deformation
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Outline

1. Characteristic behaviors in plastic deformation
of HCP crystals.

2. Origin of high strength and good ductility
in Mg—Zn-Y alloy
with a synchronized LPSO structure

3. Kink bands contribute not only to plastic deformation
but also to an essential strengthening mechanism.

Mg Alloy containing Zn and Rare Earth Elements

High strength and sufficient ductility @

for plastic working

Synchronized Long period stacking order (LPSO) phase(18R) in Mg97Zn1Y2

C
c
C

¢= Stacking fault

A
¢m Stacking fault

HAADF-STEM Image (E. Abe, Y.Kawamura, K.Hayashi and A.Inoue
: Acta Mater., 50(2002),3845)

_42_




Slip system in HCP crystals

[

Yield stress cRrss/MPa

H.

oy

© © © © ©

{0001}<1:1:20> 2 independent slip systems
{1100}<1120> 2 independent slip systems

] a slip

To satisfy the arbitrary deformation by slip

2F 11206
Mg E
Or o, ) ) {100,
»@ Prismacslip 0
Bl ‘.‘ T 180 8
% (%)
2 &\l‘, 160 &
4| Basal &% :.,% 140 z
slip \5 K9]
2} . 4 {20 >
J::-
0 ' e 1100
0 200 400 600 800 ( )
Temperature (K)
(0002)
Numakura, vol.37(1998)  1/3[1120]
(a) aslip

1/8[1123]

Von Mises criterion: five independent slip systems

a + Cslip
{1122}<1123>, {1011}<1123>

(1122)

(1011)

(b) a+c slip !

Stress-strain curves of single crystals
[
P.B.Hirsch and T.E.Mitchell, 1967

SHEAR STRESS

Three stage hardening fcc
Stage |, Il and llI

(Cu)

(deformed in tension at RT)

bcc
(Nb)

SHEAR STRAIN

In HCP crystal, large extent of stage |

dominant operation of basal slip

»

and no activation of secondary

Remarkable Anisotropy
of slip system
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Orientation dependence of Stress-strain curves (compressed at RT )

Mg-5at.Zn-7at.%Y DS crystals (18R LPSO structure) Hagihara et al.
400

e -
Orientaion A

-

[1120]

th directi
growth direction

200

Stress (MPa)

@

T ~ Orientaion B

10
Strain (%)

N

Temperature dependence of yield stress

Mg-5at.Zn-7at.%Y DS crystals (18R structure) Hagihara et al.
600
]
. A
@©
o
= 400} .
= Orientaion A o
: @
(D] - =
L .
+2
17
- 200 o £
0
> i v " . :
= = <3

0 L . g
-200 -100 0 100 200 300 400 500
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Yield Stress (MPa)

Slip bands in orientation B
Mg-5at.Zn-7at.%Y DS crystals (18R structure) Hagihara et al.

g

g

=

(]
8
5

S R | 200 400
Temperature (°C)

(0001) basal slip bands
are observed
at every temp.

Orientation B : Basal plane is inclined to compressive axis by

Surface undulation in orientation A Hagihara et al.

Mg-5at.Zn-7at. %Y
DS crystals (18R)

)
B0D, x
©
g .. 20
= 400l . . a
@ Orientation B | g
ém_ | £ |
. o
g i
T
Temperature (°C)
Kink bands

are observed
at every temp.

Orientation A :
compressive axis is <1120>
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Hagihara et al.

In-Situ observation of kink bands formation
Mg-5at.Zn-7at.%Y DS crystal

Crystal rotation due to kink bands Hagihara et al.
Mg-5at.Zn-7at.%Y DS crystals (18R) Orientation A




revealed by
nano-scale
markers
(described by
electron lithography)

Local shear deformation

Kink Bands _ Type 1

revealed by (out-of plane)

nano-scale marker /2




Equivalent strain mapping around kink bands (Type 1)

Average
strain 4% 7% 10%

Motion of a Kink Boundary in Mg-Y-Zn LPSO crystal

S

The same area
observation

Compressive
strain
6%,

Compressive
Strain
9%,
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TEM Observation

Compressive Stt_’ai_n_ 0.099

-

cident beam
rection

Kink bands (out-of plane type)

Basal plane is kinking
Kinking axis is parallel to the
surface




Development of kink bands (in-plane shear type)

Compressive
direction

1-&4—"_‘""'

b bl L L4
b
— b*-.\-—r._?rb_l.'" .

TTTT T T I Trreessidss [
il e o = S = SR o

e

No surface undulation

Kink bands (in-plane shear type)

Compressive axis

Hess and Barrett:
Metals Transactions(1949)

Extrusion




Development of kink bands (in-plane shear type)

o
2
"
” .
o
S
S
£
o
o

Equivalent strain

E.Orowan, Nature, Vol.149 (1942)

"A type of plastic deformation new in metals"

Kink Bands in Cd

Fig. 2.
STRUCTURE OF THE KINK IN Fi6. 1a.
Thin paralle] lines, lanes. Broken lines, boundaries of
=t glide p

the wedge-s regions of flexural glide. Dash-dotted lines

k and & : planes of kinking.

PHOTOGRAPHS OF KINKS I¥ ORIGINALLY CYLINDRICAL CADMITM
BINGLE-CEYSTAL WIRES OF 1 MM. DIAMETER.

A kind of Buckling
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Kink Bands in Ti3SiC2

Fig. 7—(a) Bright-field image of
and (b) schematic of a region
containing two adjacent kink
bands denoted as i and ii. The
crystal is close to the edge-on
position for the basal planes. The
numbers show the measured
rotation angles between the
blocks of the crystal around
[11 00] directions provided,
mostly, by the kink boundaries.

(a) (b)

M.W. BARSOUM, L. FARBER, and T. EI-RAGHY
METAL. MATER. TRANSACTIONS A(1999)

ig. 4—(a) Dislocation wall; dislocations are parallel and
positioned in different basal planes one under another.
(b) Same area as white square in (a), but

at higher magnification (imaged in g 1336 001). (c)
Weak beam image of the same area as in (b), but tilted
and imaged in g of [133 000J. Dislocations that
become invisible in (c) are perfect edge dislocation;
those that remain visible are mixed dislocations.

Outline

Kink bands contribute not only to plastic deformation
but also to an essential strengthening mechanism.
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Strengthening by formation of kink bands K. Takashima et al.

| Micro tensile specimen prepared by FIB }—‘

Thickness: 20 4 m DS crystal with &

I 50U m l without kink bands

| 20um

As—grown
DS crystal

SR
0um &
\ 45°

Tensile axis

| Micro tensile specimen ‘

90
80 Compressed specimen
with Kink Bands .
70 Kink bands
Ky 60 CorTmpressed DS crystal
= without KB
© 50
" Remarkable
@ 40 : o
2 increase in yield
@30 As-grown DS crystal strength and work-
20 hardening rate.
10
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Strain, ¢/ %
YS TS WHR Fracure str.
MPa MPa MPa %
As—grown DS 28 51 41 (:11-57%) 76
Compressed DS 35 82 53 (€:20-93%) 98
DS with KB 65 84 167 (€:5-14%) 22

_53_




Relation between hardness and kink bands spacing (Mg-Zn-Y)

M. Fujiwara et al.
1500

|
300K

473K
1000 | _

—— —0 573K d

500 |- Vickers hardness increases with i
decreasing KB spacing.

Hv

0 | | |
200 400 600 800
1

Reciprocal Square Root of KB Spacings, \/f% m 2

Vickers Hardness, H;p( 16.7N, 3.4N, 15s )/ MPa

Summary

1. SR B ER

Dislocations and plastic deformation

2. BRDISIEE

Observations of various dislocation configurations

3. FUUEHIZDONT
Observations of Kink Deformation

8 < DERRLDECIR &

Rl (SR HE &) 0D ATk
NDEEMN
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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

WWERIC B BErf & EE M

(Quasi-periodicity and dislocation in liquid crystals)

BF5LAET A, Tetsuji Tokihiro

BUR KT - RFPBEBEERI AR
Graduate School of Mathematical Sciences, The University of Tokyo

By the analogy between liquid crystals and super conductors in statistical physics,
a screw dislocation in a liquid crystal corresponds to a magnetic vortex in a super
conductor. According to this analogy, there exists the twisted grain boundary (TGB)
phase in liquid crystals that is an analogue of the Abrikosov phase in super conductors.
In this talk, we wish to explain relations of the quasi-periodicity of TGB phase to the
classification of quasi-crystals in terms of class numbers in number theory.
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i% & (Liquid Crystal)
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(1)Nematic 78 SR L 7

Orientational order M #* Jnl ) [ \ | nvm mwrm
(2)Choresteric 18 I\ ) ey /!

2RIFTTEMN D orientational Norralic Smectic A Smectic C

order AMFAEL, EEELT 1

t:§> Chiral nematic &%, W ‘\ P PTTIES (1 \(

2 V' 2= gy AWNRE R
(3)Smectic 4 V0l 7= o OO L
+  Orientational order & —% Choreaane P— nnyl .40
Smectic C structure

R ® positional order
Smectic A,C,A*,C*5&
BRRICHBEINTLS.

tp://www.rs.noda.tus.ac.jp/~furuelab/introduction/phase2.html &Y

ht

2018/9/20 fEREALDSELBIERNT @A X 98108 20184 5/40

R IZHITHFEFZEEL (order parameter)

!

- n(7) : Frank director (unit vector parallel to local preferred axis at 7 )

+ Y(7) : density fluctuation 4
, . 7@ i
» Nemactic 18 : #(7) D& / I‘.. d"'T'i‘l‘ﬁ'i‘t‘l‘i‘l‘i‘!i‘i‘
) \ | | [ [ ’l.l'!‘l.l‘l”
* Smectic 18 : 1i(F) & Y(7) ) . RN
nematic smectic

« p(P) — py = P(#)+c.c.
( p(P): density, po = (p(P)) )
» Perfect smectic > W(#) « eld0% (q, = %”)

2018/9/20 HREMOLERERIT @A X 98108 2018%F
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MRETAILRE (topological defect)
—- (HH) 2RFTTXY RE BRI %45 ---

2RFTHEF LI, KESS OHHEMBERAEVALSAREEZD.
%str‘&k?& 6(X):
S(xX) = S(cos B(X),sinB(X)) -+~ spin at ¥ = (x,y) AQ,@,‘)

tretrett IRERNARY N\ A2 i aam I I
tretetet FHEIAAEA X\ INFP2\\\
treteeet AR i\ N N\
IRRERERE AAVAARRY) A NN\ NN
(a) homogeneous (b) distorted (c) topological defects
(REIKRE)
v/ (b) [FEHEHIIZ (a) ICERTEDA, (c) [FTEAEL

2018/9/20 fEREALDSELBIERNT @A X 98108 20184 7140

Winding number

- BB T ITA Ospino)a"'ﬂ: t , ¢
L e
BRI S Uil B B Ui
r
(a) (b)

. (C)Z\—> —n oo~/ >

° (C) = T—)\—)/ -\ >

« (a),(b) [Z[EIEEL%LY -~ winding number n =0 ‘ ‘

(o), () REOAAICIEE ~ n=1

2018/9/20 HREMOLERERIT @A X 98108 2018%F 8/40
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REFE—FDERELTODwinding number

- Winding number M &Y 55 1E ?

XX AR
1. BRFREMBE> SpnREEGMEAIMLE (T
2. BMELH 0®) = 0(F)+2n Hadthhy
0 [TEREM D C RPHADHFLEHDZER X = R/21Z = ST ~DEHEE.
o T ISPAER>ERERONIE [0(D] € 1 (). (1 (X): XDERE) )
3. mX)z=m@EH=Z THD. x p o)
4. Winding number (¥ E#HZEHR THRE. Q SN @ 0=2n
~.winding number % m; (X) DEXRELR—R T e
5. 3. DEIERZEH D winding number [FIEEDEHHEZTRYS5.
2018/9/20 FERERALD S EHIRMENT @K 98108 20184 9/40

1 (SY) = Z (2K B2RITXY-spinF D = K Fad 53 ¥515)

(c) RRMEDRT

BFAMICIERRMBEAFELTNS
A, BRITRLIEBRRIZIE>TIE
winding number (& 0 [Z735.

)
Na

(b) EMDn=—1,+2,-2

2018/9/20 HRIEMOEEHERN @A X 98108 201845 10/40
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HEICBIFHRATHILRBE 1

- BFEE#HT))

(nematictg)

1Al =1, 2@ = -n@F)
~ (7)) € P2(R) = S?/Z,

] G

2018/9/20

fEREALDSELBIERNT @A X 98108 20184 11/40

Nematict8 D [E] iz ($R R FE, disclination) 1

(a) +% disclination

2018/9/20

(b) —% disclination

(b)

v m(P?) = Z, BOTEARABDERELT
(&, disclination [ 13848

& HIBELAABANDIRTHEREREE

HREMOLERERIT @A X 98108 2018%F

ZbE, (a) M5 (b) ~ERFTAIICFEYSD.

12/40
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NematictH D [B]{iL 2

v o] Try 1 -
T LitialTry 1, n=+4+=-TIE3RTA
AT e ‘-Lx.n.il}r’rr P 2
<L x“‘l b i;rrr’ NG FANDER THER
g Bt o WG #1=dislocation & f#
A S SSEC A VY
1 ¢} :> . . . ST
/-1_-"\, ° S et °
Teiae EEAEAE - e
N IERRICE :
frrwm LTl
n=1 disclination .
o . Sl 7 4=
disclination ? [EAEHT S DU+
disclination
201819120 BRI OKERBRT @A 9B 108 2018% 13/40

Nematic8 ® = & ffa (hedgehog)

- R OBARE (= S?) £ D Frank director () DELZR 5.
c m,(P?) =7 DT neZ TiBINBRIELHS.

\ % Sl @%%

. . . . ~ n = —1 (hedgeho Photo:
Line disclination /50D (hedgehog) Lindsay Bosslett

ring disclination 04 %,

2018/9/20 FERERAL D SHEBIEEN @ N X 97108 20185 14/40
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BRIz TARATAHILREE 2 (smectic A$R)

BEZTH: GE), v@))
- 7A(#) |% nematic &EHk.
 p(#) — pg = W(F)*c.c., W(F)~|¥|eitoZ—u()
o =2, u@®: FHEEISDTH

u(@) T V(@) DRDYICKFE#REAS.
cu(@ s u@ +md, Y@ - ¥#), ~u@) =u@@) +md
« Lo T, BFEEHu@ DZEMIESTEREHE.
s (S =ZHDT, MRAVHILRMGIIBIEIEIZLK>THEINS.

2018/9/20 fEREALDSELBIERNT @A X 98108 20184 15/40

Smectic A DrRAUHIL R

- u(F)IZHFS K BE (dislocation)
a. edge dislocation (F4RERLHL)
b. screw dislocation (51 A/BEf)

- 1 () [T K& (disclination)
F 2RFTMTHEDT, my(P1) = 17
. c:+%, d:—%, e:—1, f: +1

vsmectici D RODHILRBRITIFR B THY, knotBERLECE DR
ERAETHRARDBALEIITHD.

cf. H. Aharoni, T. Machon, and R. D. Kamien, “Composite Dislocations in Smectic Liquid Crystals”, Phys. Rev. Lett. 118, 257801 (2017)

2018/9/20 HEREMOEERIERT @A X 9A108 20185 16/40
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Twisted Grain Boundary #8 (TGB#8)

- TGB#H (smectic A*4H)

/ Smectic A* 18

| SmecticA

Cholesteric |
"R RS & A
® O
Smectic-cholesteric mE
Ly gt

- de Gennes (1972) : Smectic-cholesteric ¥x# R T, SFE2FFEBIRE(RD Abrikosov F81Zxt
T HHLLE(RDTGBHR) DFEHEEFE. (19914, RBEERFEOWHT/—LYE

+ S.Renn-T.C.Lubensky (1988): I2iHMIICTGBHEDEE, HEZFIRE
- Goodby et al. (1989): Smectic A* #HZEHE. (RICTGBHEEHM D)

2018/9/20

it ath 5

FERE)

HERIEMOEERERN @A X 9A108 201845 17/40

BRFEEHICELIBEHIRILFT—DORE

- nematic(cholesteric)-smectic Exf%IT5E D B I H /LI — (de Gennes (1972))
* Fye = F, + Gp
. = N ~12 g S
. F = [ d3r {al‘P(r)lZ t+c|(7 - iqo i) ) W +E|‘P(r)|4}
. 2 . 2 . 2
. Gpi= fd3r{K1 (7-7®) +k (R@) -7 x7®) +Ks [i@) x (7 x 7)) }
— [ @3 Kyqo ((P) - 7 x ()

\\II/ //::\

K \\177 72 =23

1wy Ky 2-7—<
splay bend

2018/9/20 HREMOLERERIT @A X 98108 2018%F 18/40
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HIEE{AD Landau-Ginzburg BHIRIL¥—

- BIZEHORFEH:
(A(#): vector potential, ®(#): cooper 5t MK ENRE %)

° FLG = FC + G‘U
CFo= [ dPr {a|¢(f’)|2 Y LG
¢ 2m hc

2
_ (43, Ho
fdr4n

+Lle@l]

- Gy = [d3r $||7></T(F) 7 x )|

VFe & Fag 1IT°ETHRLBITLNS”. (de Gennes 1972)

2018/9/20 HREMOEERERIT @A X 9A10H 20185

19/40

Fa & Fi g EDHLER

* Fag = FL + Gf
-nszr@wmﬁ+4W—mﬁwnwm
-Gp:fﬁ%&(ﬁﬁﬁﬂ{HQ@Gyﬁxﬂﬂf+K4ﬂﬂx(ﬁxﬂﬂ)

— [ &% Kyqo ((P) - 7 x ()

L]

}

* FLG = FC + G‘l)
< o= [ ar {alo@P + 1 |(7 - 204G ) o)
¢ 2m hc

2
_ (43, Ho
fdr4n

+Lle@l]

ﬁxjﬁﬂ

1 |2y 72
. G, ::fd3rE|VxA(r)

2018/9/20 HREMOLERERIT @A X 98108 2018%F
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BIaEARERREDFIGE R

8

HizEM nematic (cholesteric) 8
HIzEME smectic #8

A() : vector potential n(#) : Frank derector
®(7#) : wave function of Cooper pairs Y (#) : density fluctuation
8:”0 (1o : BREE) K,, K5 (elastic constants)
H = |V x A | : magnetic field strength H = K,qo : chirality

7 x A = 0 : Meissner effect

7 x 7 = 0 : no twist, no bend

flux quantization (®(7) = |®(#)]ed™) topological index (¥(7) = |¥(#)]eidow® )

fdi-ﬁe(?) =2mn

2018/9/20

Qo f dl-Vu(®) = 2mn

FERIERAL O SEHERIEEMN @n X 9108 20185

21/40

BIEREEREDRICE R (#RE)
B T

magnetic vortex (B3)

A;: London penetration depth

&, : coherence length

K = A;/¢. : Ginzburg parameter

Abrikosov 8
H

screw dislocation

¢ twist penetration depth

&, : radius of screw dislocation
K = A /& : Ginzburg parameter

TGB #H
K> 1/\/5
(EAREFE) K2
Hcl
Normal Cholesteric
Metal (Nematic*)
T T

2018/9/20

HREMOLERERIT @A X 98108 2018%F
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E2FF B {EE{R D Abricosov 18

+ Abrikosov #H (vortex lattice phase):
EFILSNIHENZAL, HEROBRIIARFERRTS.

el

(a) H <Hy b) Hey <H < He, (C)Hey <H g
Meisner $k8E Abnkosov 18 Normal metal
BUSIHRA TEAL BiIS(EBR (BFE HiISETRLITBA 7IVAVIHEITHDEE
ENIRIE) ELTH T3 BOETEMETE.
AHITRATS. J BE(RZDBHABR
2018/9/20 FERIEMOEERIEEN @A X 95108 201845

R (B%) (X35
BFEBALTLD

23/40

Screw dislocation D3FHKRF ?

- Screw dislocation A FATIZ3AEFEHL EIET
=AY

- screw dislocation MEIYE1ET 5L, NERIZH S screw
dlslocatlon DHIZEFILT(RDzARIZ) D FDREN T
%. (smecticA DENZOHEIZITTNDB. )
EEROAZ1ETBE, NERIZH S screw dislocation DEL
1% R? IZLEHIT 5.

W-T, PFMUEBXR?DA—F —THENTHDT, KHTEKE
DIEE tany (L tany - +oo (R > +o0).

2T, screw dislocation EEMEITIZIEBAY, DL E
[EEEZAEL.

2018/9/20 HREMOLERERIT @A X 98108 2018%F
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TGB#H (Renn-Lubensky, Phys. Rev. A 38, 2132 (1988))

FEMRICIEA T
screw dislocation
n—hk

screw dislocation [Z&-
TRILIHE O EHMES

Smectic A [C2RFTTF @& LIZERFREICHA T screw Fig 4. The twist-grain-boundary phase (TGB phase). In the inset, we see that, between pair of slabs, there

dislocation DL —rEZELAL. exists a grid of paralle] equispaced screw dislocations. These grids are known as grain boundaries and.
like the smectic slabs aso forma twisied k. T Forma g, 83 (1993)

2018/9/20 FERIRML D EEHIRRT @K 9A10H 20184 25/40

TGBHMD F R #{nAx HNaturezE M i

Characterization of a new helical - ETTERSTOMATURE—— — — NATUKE VOL 9 3 FEBUARY 1ve%
smectic liquid crystal

J. W. Goodby, M. A. Waugh, S. M. Stein, E. Chin,
R. Pindak & J. S, Patel*

Lahoratones, hil, " § TWIST
SR Commanicuions ktearc, Rdoun New fesy 07001, USA 7 AL owRecTion > |
[l T [l “bepecr
the st quid-crt 1888' also h e BRI TS
beralded of fascination with chirality and otical acti
e odere i The choieerc mesophasy, e wa the ek c? #8588 SIS mecion
Iwmlwkh—taﬁmh’-qﬂo\mnﬁn- @ e
LINER <l -]~
mnlllnmlwdwlmhlmnnmm A ‘ J
discovery of & new helical smectic liquid crystal, the smectic-A* T
Phas. I his phase the atb-fke moleculesare arramged i layers o IPOLES
b e T T )
o the Lyers ber n 8 el erderia of the molecles (g, 1) o e (e 11 >
We suggest that ;t--yut—n-ln.-:uuﬁ CHOLESTERIC (* 2 % A MOLECULES "
-p-:nuu- other. . LIQUID CRYSTAL chERROELECTRIC CHIRAL SHECTIC A
SPIRALING Ui CRYSTAL
series of ferroelectric liquid crystals, the R- u\d S-I mﬂhyl ORIENTATIONAL SPIRALING
heptyl 4-((4" bipher ORDER SPIRALING TILT T ~
boxylates (nPIM7). These materials were prepared by the ORIENTATIONAL STRUCTURE oy i
esterification of a variety of m»nmmnynmm acids ORDER
with R- or §-1
T3 and MAW, andr M, to be published), T neiai
A" phase was found i e n-rdecylon, mseradecyony and JR.Goodby ot al
n-pentadecyloxy homologues, which have the general chemi oodby et a
formula: R .
""“'“O‘E“““"‘"‘“""‘"" “Characterization of a new helical smectic liquid crystal”,
Nature 337, 449 (1989)
and exhibit the phase transitions: )
Isotropic liquid e» A% s C* 2 S3 0254
2018/9/20 fERIERAIODSTESIERT @ X 98108 20184 26/40
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#4E 5 (quasicrystal)

AN

SE# (WA FREEAELNLLY)

Dan Schechtman

e g shase. Rotations m
D.Schechtman et al. Phys. Rev. Lett. 53, 1951 (1984)

(a) #&&, (b) TEILT7R, © EEROEFEMER/
B—U EXRREHT/AE— (RIEKX BRI HRE)

19844, SchechtmanbIZ&>TAIMNEE R T, ERELTEILT7RELEG DX (EE20@EAD
S

SFRE) ZEDERAF RS, Steinhardt(Zdk > THAE SR (quasicrystal)& £ 1T 5 T=.
Schechtman (ZZF D IEIZE>T201MEIZ/—ANJLILEE

7, i
XE.

2018/9/20 fEREMIDEERERET @A KX 95108 201845 27140
ot B2
EHERDB AR
Cr-Ni-Si &€ DOX#RET
INE— AL-Cu-Fe &£ ND#
8l FidhE 52 ERBDOBEMBEEHE
E12EKEENRD
na.
Zhang et al. (1986) SMBF HL etal.(19907)
BETHERCZLD, Ff-, REGERRBARRINTNS.
KEMIZ2RT GAEAAICXEHN) DERRLLREET .
SEYDIZZRDF—LHBEEERTERRERRLTUS.
2018/9/20 fERELIOSERIRMNT @K 9A108 20184 28/40
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2R TTEFESBRDET )L (Penrose tiling)

FEEO VLB OMH B DY TEEEIE
BHBENTALE. <>
SE DRI L1 5 LA TES,

ALEDREN, FALEHTELESES <>
B EDETH I EERIHMATES.

2018/9/20 FERIERAL O SEHERIEEMN @n X 9108 20185 29/40

K1) B HiMPenroset& F

(a)
< 50
b, o)
N
A
RS
AR
)
22D 714K FVFH
DRTTHEETED
[E#ARIPenroset& ¥
DEGI.
oL 2 (a) (3,5) (b) (5.8)
VLEESH
Tsunetsugu-Fujiwara-Ueda-T (1986)
A kPenroset& ¥
2018/9/20 FEREMOEEBERN @A X 9A108 20184 30/40

_70_




Fi#2) Penroset&sF_E M tight-binding model M k% 7

Confined state: L Self-similar state:
RVER THRBEHOERXOZLD. B SR B Y (multi-)fractal RTEAEES.
Fujiwara-Arai-T-Kohmoto (1988) T-Fujiwara-Arai (1988)
2018/9/20 fEREMIDEERERET @A KX 95108 201845 31/40

2R ARG D 5 FE R (BB FZERICEKD 7 EE)

(N. D. Mermin et al., Phys. Rev. Lett. 58, 2099 (1987))

Penrose & FDFEAEFAIRILZER (Vi ):
(EEEDOME D R DFourier ZH#, XEREIPT/ 32—, 2RI HZEMH)

Vio={0 | =Zpoomier, (i €D}, =1zl g = ¢ (cosk?n,sink?”)

i : 10| EER FREE R DEEFAVMLER T ATV, (R E M ?

ZZ: Yes

B — R 2n B EIER A E F OH K FAIMLER L2000
ROMVERICERELSZMN?
ZZ: No

n=234,..,21,22,24,25,27,30,33,35,42,45 MD29{@A1=IFunique.

2018/9/20 HREMOLERERIT @A X 98108 2018%F 32/40
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2RITTEFE R DB F NI IV ZES]

cEER: nFEBHET D 2ZRTEDEANTNLDES Uy, A 2nEIEERFRE
ZROERFAINLVERTHAEE, UTD 1~-3 BRYIDIETHS.

1. Uy, 0y € Uy, BBIEL ¥, + 0, € Uyy,.

¥ € Upp 518 Ry¥ € U, 1120, Ry 3 T OEIERERT .

HEINIMIL W DFEELT, FED U € Uy, IE ¥ = IR mywy (my € Z) ERED. 1=z
2L, Wi = (R,)"w.

V' T %R, LR EEDERERETS. Uy, = T(Uy,) DERYIIDEE, Usp & Uy, [T
FARIUMVERELTRZETHS. RENELIFZRITDHEEE, W IXBEELTEZATRLY.

V Vo = {3 | B = SBZhmyi, my € )} [Z1~3% 1T Uy, ERE THN, HFET HHES
ANHRIEE.

2018/9/20 HERIEMOEERERN @A X 9A108 201845 33/40

Ao REDE &

*°PER? ©zEC, °WER? ©1€C, °Ry¥ © (2 ({p =en) EXLSES.
o Von = Zop = {z|z = Tp2imp ¢k, my € Z} THY, Uy, - Yor ELT, 1~3IEREZ]T.
@ Z1,2Zy € an - Z1 i Z € YZTL

@ z€Yy, =z €Yy,
@ z€Yy - Imy €L z=YRimk

@ BEE(FEME) THAZE: Yo~V © TEEC Yy =¢Yn = T, B € Zy aly =Y,
- @A Q) (= {z € €|z = X anlk, a, € Q) IZBUWVT, Z,, I3 FDBEIETHS.
s D~BI& Yoy, MY Zy,, DATTILTHAIZELEEEKRT .

c @IE ~ I2&k>T(mod BIEAT7ILOD) AEE(ATT7INE)NERINDIILEEKRT .

o £oT, HFRFANIVNLVERDRDFEIX, Z, DA TTIVFEERESTHEITRETS.

2018/9/20 HREMOLERERIT @A X 98108 2018%F
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2RTEEREMA N ARDEER

EE: EROAT7IVEE (BELT) DEEE Q) DEHEMEY, h,, EE2<.
V' hyp = 155X, BEHERIT1FESE, hy, > 1 HO2IEFELULFEET S.

o TEIE (Masley-Montgomery 1976): hy, = 1 ETRAHDIE, n =
2,3,4,...,21,22,24,25,27,30,33,35,42,45 M29E N #H T 5.

° Cf) h4-6 = h52 = 3, h56 = 2, h58 = h62 = 9, h’64- = 17, h68 = 32,
h94 == 695, "'lh128 - 359057,

VIREQEZREN23E L EDEEAFEERFOLFEERIKL, RiRE, FHEFERT
DHETIE2RTEBRT1BREEEZTEL.

2018/9/20 HERIEMOEERERN @A X 9A108 201845 35/40

TGBHRIZHITHEFERIBEE

v23E L EDEERAEDFEIRFARIMNLEREFORITIFELLELIM?
- TGB#RIZH 5 screw dislocation EIDEE /R :

ﬂ ~' (1) BAEI O EAE
< |:> (commensurate)

/

screw dislocation ASE L
BEYASEIZHD screw T TR ERDET R § / (2) Wiggle DRz L
dislocation D +EE /EH LE—DTH%
2018/9/20 RO LEHERN @ X 98108 20184 36/40
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BREOEBEREE

* ap:=tanf,, 6, dislocation fIZHHE{F o d
AoRWEEDOHEEDAE a5 e

c a:=tanb, 0: HEERAINHZIGEDIEE a Fs
NAE b a

P

e al¥a, DEAEUZES - 6, = qr (q € Q) T 0.2 [ﬂ

FTEELGRINELS. (BEDEER) /’
o

2018/9/20 FERIRML D EEHIRRT @K 9A10H 20184
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A

Screw dislocation D Z #z

i;ﬁf"i’*’ il

g ”}5 ikji }

i i
flt !5 !
R & %;l ;i,:;;g fj

(b) (d)

ool EIER FRE DB EFZ/M%EE DTGB
#B D screw dislocation.
(€) 1¥—h& () 9DDY—FEEREED

7B [EERxt FRE D H M FZERMEH DTGB
#8® screw dislocation.
(@)1>—k& (b)7DD—rEERT=1D

2018/9/20 FERERAL D SHEBIEEN @ N X 97108 20185
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Screw dislocation Dz &EZF D XER BT/ N E2—>

(a) (b)

5E ) E&E %t #ifEZE 3D screw dislocation @ X#REIPT/ 38—
(@) 1>—FDEFTE, (b) 2ADEIFE

OLHEBEZERIICFELA, B2EMND, 30F o5 TLHASI =L
FLTULVEL..(Trwe)

2018/9/20 HERIEMOEERERN @A X 9A108 201845

CHEBHYMNESITTNELE
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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

FoE PR & R DRI RE

(Advanced mathematical investigation and dislocations in crystal lattice)

AR %R, Shigeki Matsutani

PR T2 = E H P A
National Institute of Technology, Sasebo College

Crucial problems in industry, basically, cannot be solved in the framework of a
single mathematical field or a single field in science. They are related to a variety
of mathematical fields and wider scientific knowledge [1]. The study of Bernoulli-
Euler’s elastic curve (elastica) is a nice prototype [2,3]. T call such a study advanced
mathematical investigation [1]. In this talk, after I give a short review of their study
of elastica, I explain what is the advanced mathematical investigation. As examples
of the investigation, I report the discrete geometry of screw dislocation [4] and recent
study of kink phenomenon using the elastica [5].

REFERENCES

| MARIAS B0 Libre : SGHEBERRT & 1, BIEY: 2018 2 H+5 86-87.

| MBEZRIT T AT 1 B2 RKBBE~ VXA AT =SB E T~, IeHEBEE 13 (2003) 48-60.

| S. Matsutani, Fuler’s Elastica and Beyond, J. Geom. Symm. Phys 17 (2010) 45-86.

] H. Hamada, S. Matsutani, J. Nakagawa, O. Saeki, and M. Uesaka, An algebraic description of
screw dislocations in SC and BCC' crystal lattices, Pasific J. Math. for Industry, (2018) 10:3.

[5] H. Hamada, K. Higashida, S. Matsutani, H. Nishiguchi, in preparation.
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Fo e R AR AT
L

L R ITAG

20185F9A10H

IMI Workshop II: ¥ sRER{iI O SEE IR ERIR
AMKZETR - T47 + £ 28R YRR

LAED A )
R TRRFFMER

21 BRICA-T, HERMNAZESL. itk
O TR NBRE TR RATE G, VRN
HWATETI\S

RN FTR2HCReGESFZHIRALT, iﬁ.&’é
FIRITHBHKHHSNTI D
-  FEESIERITESFVIEEL)

S B TRARA
SESERRITOBHE, NILR—1 A 15—
O)iEgh S OZEICH D

- T EKIRARTOBMIFEA TS
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SR TRARH
1. FESRRRMTOSENZ THS
RILR—A - A5O3 5 b EREH7E

2. FERERIFOBMELT
2. 1. SEARMHONRNHER
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Hamada et al. Pacific Journal of Mathematics for Industry (2018) 10:3 Pacific JOU rnal of
hutps://doi.org/10.1186/540736-018-0037-8 .
Mathematics for Industry

ORIGINAL ARTICLE Open Access

An algebraic description of screw L
dislocations in SC and BCC crystal lattices

Hiroyasu Hamada', Shigeki Matsutani'” @, Junichi Nakagawa?, Osamu Saeki® and Masaaki Uesaka®>

Abstract

We give an algebraic description of screw dislocations in a crystal, especially simple cubic (SC) and body centered
cubic (BCO crystals, using free abelian groups and fibering structures. We also show that the strain energy of a screw
dislocation based on the spring model is expressed by the Epstein-Hurwitz zeta function approximately.

Keywords: Crystal lattice, Screw dislocation, Topological defect, Monodromy, Group ring of abelian group,
Dislocation energy, Epstein-Hurwitz zeta function
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Evolution of Mechanical Properties and Microstructure
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Multi-layered folding with voids
T. J. DODWELL, G. W. HUNT, M. A. PELETIER AND
Phil. Trans. R. Soc. A (2012) 370, 1740-1758
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Multi-layered folding with voids
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Folding in power-law viscous multi-layers
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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

T ERAEE DHFMEEE Growth

(Mathematical Description of Crystal Lattice Structure, Growth)

FJII;Z—, Junichi Nakagawa

FrH 834 (Bk) Nippon Steel & Sumitomo Metal Co.
P BRSNS (RREOH)

FMSP mathematical research on real world problems of the University of Tokyo

The mathematical research on real world problems is an educational program for
doctorate course students in FMSP (Leading Graduate Course Frontiers of Mathemat-
ical Science and Physics) of the University of Tokyo. Nippon Steel & Sumitomo Metal
Corporation proposes themes for the program, and has provided several themes for
students who major in geometry or algebra. In this presentation, the growth is high-
lighted as a theme that is of interest in mathematics and important in materials. The
growth is defined as a sequential representation of the graphical structure of a crystal
lattice. The 1st growth corresponds to the coordination number of crystals, which is
used as a numerical index to describe the crystalline structure in material science. The
number of the nth growth was counted step by step and the numerical sequences at
n — oo are a quasi-polynomial, i.e. the coefficients are periodic functions with an in-
tegral period. The generating functions can be derived from the quasi-polynomial and
showed symmetrical properties. We are studying the mathematical conditions such
that the growth becomes a quasi-polynomial and the relationship between the growth
of a crystal lattice and the growth of the crystal group.
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Institute of Mathematics for Industry
Kyushu University

Nippon Steel & Sumitomo Metal Corporation
Advanced Technology Research Laboratories
Mathematical Science & Technical Research Lab.
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i » 1 1B 3-BeO (n): ( )Z

i ?n275n+3 (n=2 mod 3) (1 X =X .,4"\,(.'

i > Cla) 143243221247 !

) o

OMETALCORPOEL\TION%uRght R( 59, mod 3) (1-z) (1+£) Eﬁ Y( ?x
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Crystal Group ¢

A discrete subgroup of the isometry group Isom(R3)
included 3 linearly independent translations.

v The lattice group H : = normal subgroup of G
generated by these translations

v K := G/H is a finite group called as the point group.

5
A MB#EE
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The 7 Lattice System and The 14 Bravais Lattice

Triclinic Monoclinic Orthorhombic Tetragonal Trigonal Hexagonal Cubic
=R B EA & EA&S =h& AV MR
P B +90° a#c
o, B,y % 90° a,y=90° ; a#b#c a=fey £ 90°
¥ g ' Y 3
i ‘ a
a '6 o % a ® a
el a
b a
| g +90°
ay=90° . axb#c
N g™
P
A c
b
[ron
C _a#b#c a%e
(24
BCC
(Body Centered | «
. a Cubic)
a
F *h#
Y
FCC
(Face Centered
7 Cubic)
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B K Study Group 2014
Problem in Materials Informatics

a-PbO
099 00009 00 009 ZnO
& e
ap_ad —=F< | -different crystal lattice
5" ) -different configuration of atoms
=®.. @1 etc.
g |
2] o o° 0 ° How do we describe the crystal
o o o .
£ . 83 o ° geometry numerically?
2 @9 0 ‘?gog So
‘é i prediction error
g 0.189321

-1.0 -0.5 0.0 0.5 1.0 1.5 20
Bonding energy calculated by ab initio calculation

A HO T ES EE KBNS F— SR I

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved.

A FBEER

NIPPON STEEL & SUMITOMO METAL

BK Study Group 2014
Regression Model

* This problem can be viewed as a regression
problem

— Predictors: information of atoms and crystal structure
— Response variable: energy of compound

regression model:y = 511 + Boxa + - -+ + Bpxp + €

Atomic number Position of periodic
Electron affinity table

lonization Energy Electronegativity Bonding energy
Atomic mass Number of electrons of compound
Radius oordination number
rowth
s ron s e anibtors regarding crystal geometry A ;’iiﬂﬁﬁﬁimm
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Mathematical Description of Crystals

) 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Rest

. S t
NaCl Chemical Lattice {:J:'fo;y Growth
S |compounss pontgrow) | st 2nd  3rd  4th
a4 NaCl cubic 48 . 6! 18 38 66
P -
& CsCl cubic 48 . 8' 26 56 98
CsCl B-BeO tetragonal 16 4: 11 18 41
|
@ \53 Zns cubic 24 4 12 24 42
I
hexagonal 12 : 4: 12 25 44
5—{ ;) a-PbO tetragonal 16 ' 4 8 12 16
B-BeO Tl orthogonal 8 ! 7' 22 47 82
'—‘i *—1 NiAs hexagonal 24 6 | 20 42 74
¢ (‘ We focus on the coordlnatlon number in material science,
)-)STL and the growth generates it mathematlcally .
ZnO a-PbO =l NiAs
ZnS e A P 2P 00 o8P 00 g9® T” % f' T‘,_\_.'_;\:
feet [Ty | #EE | éﬁe 1 34
| O J -S“uu‘lgn\’ i \g
ity S ens . i
L: > r_'l >:Q“:::— 1:')] 6(‘36-).00 9
N ‘ FasEs

NIPPON STEEL & SUMITOMO METAL

ZnO BRK Study Group 2014
the 1st growth=4

(corresponding to coordination number)

@

.
-
. ...
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Zn0O
the 2" growth=12

‘ﬁﬂﬁ &

NIPPON STEEL B SUMITGMO MITAL
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Zn0
the 3'9 growth=25

® .’x
Rin.gs are olﬂservableﬂ
Suchethat they ghére
the’same kind of atom

. “"\\
e ** HEMES
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Zn0
the 4th growth=44

Estimate value

Estimate value

L . -
NIPPON STEEL & SUMITOMQ METAL CORPORATION All Rights Reserved. A ﬁgﬁﬁﬁm_m
= ; Input p-value
o |Inpu p—value | §
coord_number  6.44E-12
] 1St growth coord_number __ Z.00E-16| + 2nd growth 2nd growth 2.00E-16
<~ Istiel 0.00212 < growth: 2nd/1st_2.00E-16
Reovl 0.01377 — -
o | (Before SGZO’] 3) o | 1stiel 0.0019
- - Rcovl 0.5306
o S o] °
= 22
© ﬂ>, o o
g T 2 o 8% o o
o) g o)
@00 g o3 ° % €
S 1@ 0 @ 2 o 0
21 ap0 B RECTY .
© © L.
@] prediction error @ prediction error
= 0.189321 2 0.1510946
T T T T T T T T T T T T T T
-1.0 -0.5 0.0 0.5 1.0 15 20 1.0 -0.5 0.0 0.5 1.0 15 20
Energy Energy
Input p-value
| |coord_number 5.80E-09 H
+ 3rd g rOWth 2nd growth 5.39E-08 - Non-linear
S growth: 2nd/1st  4.32E-09 s | Reg ression o
S
Tstiel 0.000484 h o
24 Reov 0.020073 @ | USIng SVR o
- o
3rd growth 2.92E-07
2 o 5 olwowthiard/ond  178E-07] o 24 o °
& o o o s ® © g
21 S R s° %00
) o DO i >
o | ) (o] s 4
S ‘g,oo% A O% ° 00 S (s}
o - ° ©
34 . <7 %o prediction error
prediction error
° | 24 0.0382255
g 0.1425921 i : : : ‘ ‘ ‘ .
T T T T T
1.0 0.5 0.0 0.5 1.0 15 2.0 o 05 00 08 e s 20 14
Energy e FB#iEE
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SGW2014  Counting Out of # of Growth Using Computer
8”8 [ I v | ° /]
e £y S0 IT 8 B

lele. @) @ loet| Lo

Crystals
Growth = 50 [ B -Be0 | CsOl NaCl NiAs TiI Zn0 Zns
zi 4 4 8 6 6 7 4 4
22 8 11 26 18 20 22 12 12
£3 12 24 56 38 42 47 25 24
o4 16 41 98 66 74 82 44 42
&5 20 62 152 102 114 127 67 64
=i 24 90 218 146 164 182 96 92
g7 28 122 296 198 222 247 130 124
28 32 157 386 258 290 322 170 162
20 36 200 488 326 366 407 214 204
210 40 247 602 402 452 502 264 252
ol 44 296 728 486 546 607 319 304
12 48 354 866 578 650 722 380 362
£13 52 416 1016 678 762 847 445 424
14 56 479 1178 786 884 982 516 492
£15 60 552 1352 902 1014 1127 592 564
£16 64 629 1538 1026 1154 1282 674 642
217 68 706 1736 1158 1302 1447 760 724
218 72 794 1946 1298 1460 1622 852 812
19 76 886 2168 1446 1626 1807 949 904
20 80 977 2402 1602 1802 2002 1052 1002

Our interesting in mathematics is the g.,..
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SGW2014 Sequential Representation of # of Growth

20, 1B (n=1 mod 3)
9 9 9

gﬁfBeo(n): 7 gnZ_er_E (nEZ mod3)
888 C 7

Tt L 204 (n=0 mod 3)
? ga PbO 9
e 2., 1 (n = 1,3 mod4)
8 8
4 21, 3
Jcsci(N)=61° +2 9z00(n gﬂ +5 (n = 2 mod4)

L %n +2 (n =0 mod4)

B 9 3

° =n’>+= (n=1 mod?2

ﬁj G )= { AR )
%n2+2 (n=0 mod 2)

{ En2 +é (n=1 mod?2)
9z,s\N)= 2 2
The family of the growth sequences is a quasi-polynomial,

gNaCI(n):‘I'n2 +2

g (n)=5n"+2

%nz +2 (n=0 mod 2)

i.e. the coefficients are periodic functions with integral period._ _ oo
. _  FEsES
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Generating Function of Growth

- H. Ochiai *1
G(x)=1+2g,x" (2016.9.30)
i 51 :Kyusyu University, IMI
&8 8 _ : )
. (1+x) (14 X)(1+2X + 5% + 6X* +5%* +2X° + X°
® G = \ G —Beo \'') =

m‘!’... o) (1—x) @ paolt) (1-x) (1=xf

- C(1+x)(1+4x+x) G :(1—X3)(1+x+3x2+x3+x4)

Igl GCSCI(X)_ (1_X)3 ZnO(X) (1—X)3 (1_)(4)

GNaCI(n):gi;(;j

1+4X+8x* +4x +x*
GNm( )_

-

1)1+ 3%+ %2 1+2x+4%x> +2%° +x*
GTII( )_( )

l‘. T (1-x) (1-¢*)

The family of the generating functions of growth looks symmetric. 17

Gzns (X):

© 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved. . NIPPON STEEL & summmo METAL

FMSP Mathematical Research on Real World Problems, the University of Tokyo

Symmetrical Properties of Generating Function
Definition of the component of generating function :

fork, N, n, €N,
N>0,0=n,<N generating function’s component
Quasi-polynomial (@), = n* (h=n, modN) G (x):= z(g N, ”o)
of growth N ) _ NNY) n=0 ©on
(a5 ), =1, (gg™), =0

Proposition 1 (S. Wakatsuki)

mmmm[dkwm

Wakatsuki-san who is a doctor
course student in the 3 grade.
(261 (x)= X" _«(polynomial of degree N, ) He had studied thl§ subject for
(1—x“) one year as a curriculum of
FMSP(Leading Graduate Course
3G (x)=G)N(x)+1, GMN(x)=GM" fork>0 Frontiers of Mathematical
Science and Physics).

dx

Proposition 2 (S. Wakatsuki)

GMG}HWQMW)
X 18
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Example
For example, in the case of the quasi-polynomial of g-BeO g@ 7%

+§n+3 (n =] mod 3)

9

g/xcho(n): Enz _ln-{_E (nEZ mod 3) \l
9 9 9 (gNnn) - (nzn modN)
%ZI’I2+2 (nEO mod 3) co ’

Gl ()= (0l ¢

n=0

Gyn)= 2 G (X456 ()56 2(1) 26 (0)+ G (X4 6 (x)+1

ool B0t (1) S ) D)
=201 ()45 625 6 () -261 (1) G (0)- 5 6 () +1
26100+ 5 615 6 (0)-2(6)° (0)+1)- 263 +1

==Gy o) Generating function has another symmetry. 19
A FESES
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FMSP Mathematical Research on Real World Problems, The University of Tokyo

Generating Function in the Case of Break of Symmetry

S. Wakatsuki

L

; N1 22 121 910

G(z) =1+3G° = Lty G(r) =1-G" = 5G5" + 3Gy

_ ‘l-&—.’h'-}—.‘i,rg—f-iz.rs

— T (1—2)2(14x) 20
.ﬁEﬁEﬁ

NIPPON STEEL & SUMITOMO METAL
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ERXF HERNPHRE PRES BBO7(T7 HE#EFERT—L FHEHIHA)

. SR s Sl @R T TR |
0B R4S, S U e

@)= Joo e o Sl

i Q‘-(x\ & Gf(-‘?\ R sx. OidbCnp AZA\ =ReN f =
< C =< AT
G\ Xy Q(%J

m (EL\L\\Q&T@ 3{‘;\\\ \

Q) ) =6 \5‘\‘ 3

/ ] d s S .
( ® H: (V\P f\; \)’ AN\ ‘(n w0 B WM ‘-f:\ \= ¥ («{

® Koo~ Ry
\ WUY‘)(?\‘\%\

¥ Comet

W 5.3 (4 §iEME). #&&0 growth I quasi polynomial type (272 5.
F18 5.4 (#18). #&D growthg(n) OB G(t) = 32 g(n)t" & G(t) = (-1)M™CG(1/t) & A7
5.5 (LHERA). EOTEE h(n— 1) = (- 1)SmOp(n) 25772 & 2 FIE.

fI%E 5.8. HFHIRMHE
(1) #% 5.3 125\ T, quasi-polynomial (type T <) L RSP EMEHA L, HE53 &
translation B {FHT A2 7 7L WARBRETHLH, THILXAREZRMEEZMANE L VEA
30
(2) @53 2B VTHELANREN TS quasi-polynomial h(n) A% h(n — 1) = (—1)4mh(—n)
EALT LD MHENRLEEAS.
(3) (1), (2) DRFRED 5B HEROBETT L VA S5 5177
(4) #E& D growth &, #E&RED growth » DR % FR A,

Summary and Points under Discussion

1. Clarifying mathematically the relationship between the growth and the crystal lattice

Crystal lattice Crystal group
eqg. | A
p-BeO  Eight crystals composed

of two kinds of atoms ?
quasi-Polynomial Generating
n— | (Numerical sequence) function
2, 1. 13 - G N :(1+x)(1+2x+5x2+6x3+5x4+2x5+x5)
PRy (n=1 mod3) 010 (1) (1-x)(-x]
1 13
P n+—= (nz2 mod3) _ 1
9 9 G(x) =+G (x)
?nz +2 (n=0 mod 3) 22
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Thank you for your attention!

23
i Foass
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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

B DEREADEIRIEER : MORMAICL B 7 TO—F
(Space-Time Theory of Continuously Distributed Dislocations:
Differential-Geometrical Approach)

H#{£—, Shun-ichi Amari
ML RIKEN

Metals have crystal structures and defects of such structures are responsible for
their strength. Defects are typically dislocations and disclinations from the microscopic
point of view, but they are continuously distributed from the macroscopic point of view.
Riemannian and non-Riemannian theories had been developed in Japan and Europe
in 1950-1970 for elucidating these aspects [1-3].

However, it looks mostly forgotten in the present days. We review these theories
again. We recapitulate the four-dimensional continuum theory of moving dislocations
in which motion, creation and annihilation of dislocations are described as torsions and
curvatures of a four-dimensional material space-time.

REFERENCES

[1] S. Amari, On some primary structures of non-Riemannian plasticity theory, RAAG Memoirs 3
(1962), 163-172.

[2] S. Amari, A geometrical theory of moving dislocations and anelasticity, RAAG Memoirs 4 (1968),
284-294.

[3] I. Kondo, On the analytical and physical foundations of the theory of dislocations and yielding by
the differential geometry of continua, Int. J. Engng. Sci. 2 (1964) 219-251.
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screw dislocation
A

Fic. 6
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anelasticity

Finsler Geometry of ferromagnetic material

torsion S and spin: interaction
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ADVANCED MATHEMATICAL INVESTIGATION FOR DISLOCATIONS

September 10-11, 2018, Fukuoka, JAPAN

Certain Arithmetic Quasicrystals

#HEFI—, Toshikazu Sunada

UEbEINEE ey E2iE
Graduate School of Advanced Mathematical Sciences, Meiji University

In this talk, motivated by the 31st entry dated 1796 September 6 in Gauss’s Math-
ematisches Tagebuch (Mathematical Diary), I will deal with a class of discrete sets
defined arithmetically in the Euclidean space. Asymptotic behaviors of primitive
Pythagorean and Eisenstein triples are discussed in connection with the notion of
quasicrystals.

REFERENCES

[1] T. Sunada, Topics on mathematical crystallography, in the proceedings of the symposium “Groups,
graphs and random walks”, London Mathematical Society Lecture Note Series 436, Cambridge
University Press, 2017, 473-513

[2] T. Sunada, Generalized Riemann sums, in “From Riemann to Differential Geometry and Relativ-
ity”, Editors: Lizhen Ji, Athanase Papadopoulos, Sumio Yamada, Springer (2017), 457-479.
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Certain Arithmetic Quasicrystals

11th September, 2018 at Kyushu University
Toshikazu Sunada

Meiji University,
School of Interdisciplinary Mathematical Sciences

ABSTRACT

In this talk, motivated by the 31st entry dated 1796 September 6
in Gauss’s Mathematisches Tagebuch (Mathematical Diary), I will
deal with a class of discrete sets defined arithmetically in the Eu-
clidean space. Asymptotic behaviors of primitive Pythagorean and
Eisenstein triples are discussed in connection with the notion of qua-
sicrystals.
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A short history

Gauss’s Mathematisches Tagebuch, a record of the
mathematical discoveries of C. F. Gauss from
1796 to 1814, contains 146 entries, most of which
consist of brief and somewhat cryptical statements.
Some of the statements which he never published
were independently discovered and published by
others often many years later.

The entry we take up among others is the 31st
dated 1796 September 6:

“Numero fractionum inaequalium quorum
denomonatores certum limitem non superant ad
numerum fractionum omnium quarum num[eratores]
aut denom[inatores] sint diversi infra limitem in
infinito ut 6 : wmw "

1796 #
pvwm,m yudna mu“\“ M
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’v
; g 116
el ol e
- . T+

g |

This vague statement about counting (irreducible) fractions was
formulated in an appropriate way afterwards and proved rigorously
by Dirichlet (1849) and Ernesto Cesaro (1881). As a matter of fact,
because of its vagueness, there are several ways to interpret what

Gauss was going to convey.

We should point out that Yagloms refer to the question on the
probability of two random integers being coprime as “Chebyshev’s

problem”,
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coprime pairs

= N W L O N ®©

123 456 7 829

Gauss’s theorem

. B 6
J&Tlmﬁl{(a,b) € N x N| ged(a,b) =1, a,b < N}| = o (1)

In simple words, this theorem says that the frequency for coprime
pairs to appear in all pairs of positive integers is 6/72. This is also
picturesquely stated in the language of probability as

“The probability that two randomly chosen positive integers are

coprime is 6 /72"
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Discrete sets with constant density

In general, a weighted discrete subset (I',w) in R“ is a discrete set
I' C R? with a map w : I' — C\{0}. Given a compactly supported
function f on R%, define the Riemann sum associated with (T yw) by
setting

oe(fiTyw) = Y e*f(ez)w(z).

zel

We say that (I',w) has constant density ¢(I',w) # 0 if
el_i}I_l"_lu o0f Ty} =l w) fmd f(x)dx.

holds for any bounded Riemannian integrable function f on R¢ with
compact support. In the case w = 1, we simply say that T" has
constant density ¢(T).

Suppose that I and I have constant density, and that I'" < I, If
c(T') # ¢(I”), then T'\I'V has constant density ¢(I') — ¢(I").

Example (Motivation)

Let A = {D,}sca be a partition of R? by bounded domains D,,
with piecewise smooth boundaries satisfying

(i) mesh(A) := supd(D,) < oo, where d(D,,) is the diameter of
acA
D,

(ii) there are only finitely many « such that K N D, # 0 for any
compact set K C R?.

We select a point £, from each D,, and put T' = {{,| « € A}, and
define the weight function w by setting w(&,,) = vol(D,,) .
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Then (I',w) is a weighted discrete set, and has constant density
c(I") = 1. Indeed,

e Pl 1= Z f(e€,)vol(eD,,)

acA

is a classical Riemann sum, so that lirr(l) oc(f, T ,w) = / f(x)dx
E=p Rd

Let T' C R? be a lattice group, i.e. a subgeroup of R? generated by
a basis aj,...,a, of the vector space R%;

I‘={klal+---+kdad| kl,..-,kdEZ}.

Then T has constant density ¢(T') = vol(R?/T") 1.
In particular, ¢(Z%) = 1.

Related to Gauss’s theorem is counting primitive lattice points.

Let Z¢

prim

is the set of (z1,...,x4) € Z? such that ged(|z1], ..., |zd]) =

has constant density C(ZJ ) = ¢(d)~'; that is,

prim

Theorem 1 Z’i

prim

lim 3 elfe) =@ [ Fixax. @)

ZEgﬁ"grim

Here ((s) = Z n~* is the zeta function, and ¢(2) = =n*/6.

n=1

Applying this theorem to the indicator function f for {(z,y) €
R2|0 < z,y < 1}, we get Gauss’s theorem.
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In connection with Theorem 1, it is perhaps worthwhile to make
reference to the Siegel mean value theorem.

Let g € SL4(R). For a bounded Riemann integrable function f on
R? with compact support, we consider

Blg)= > flgz), W(g)= > flgz).

2€Z4\ {0} 2€74

prim

Both functions @ and ¥ are SL;(Z)-invariant with respect to the right
action of SL4(Z) on SL4(R), so that these are identified with functions
on the coset space SLy(R)/SLy(Z). Recall that SLy(R)/SL4(Z) has
finite volume with respect to the measure dg induced from the Haar
measure on SL,;(R). We assume 1 dg = 1. Then the

) JSL4(R)/SLa(Z)
Siegel theorem asserts

f f(QZ))dQZ] f(x)dx,
SLa(R)/SLa(Z) * ,c7d\ (0} R4
> fan)ds =@ [ foxyx.

z€Zd

prim

j;La(R)/SLd(Z)

Pythagorean triples and Eisenstein triples

Using the notion of constant density, we can investigate the asymp-
totic behaviors of Pythagorean triple and Eisenstain triple.

A Pythagorean triple is a triple of positive integers (z,y, z) satis-
fying the equation x? + y? = z2. The name stems from the Pytha-
gorean theorem for right triangles, have a long history since the Old
Babilonian period in Mesopotamia nearly 4000 years ago.

An Eisenstain triple is a triple of positive integers (x, y, z) satisfying

the equation z* + axy 4 y* = 2%

g9Q° 120°
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The list of 15 Pythagorean triples exhibited implicitly in the tablet
with four columns and fifteen rows, which was written about 1800
BC in cuneiform (“wedge shaped”) script.

1. (119, 120, 169)

2. (3367, 3456, 4825) _

3. (4601, 4800, 6649) AIA I

4. (12709,13500,18541) i 7]

5. (65, 72, 97) e -
6. (319, 360, 481) i i
7. (2291, 2700, 3541) /1 L

8. (799, 960, 1249) i i
9. (481, 600, 769) =
10. (4961, 6480, 8161) el iy
11. (45, 60, 75) xx . 0 97
12. (1679, 2400, 2929) 7 A
13. (161, 240, 289) ik Yy e
14. (1771, 2700, 3229) A

15. (90, 56, 106)

A Pythagorean triple (z,y, z) is called primitive if z,y, z are co-
prime, i.e. their greatest common divisor is 1, or equivalently they are
pair wise coprime. “Primitive” is so named because any Pythagorean
triple is generated trivially from the primitive one, i. e., if (z,y, z) is
Pythagorean, there are a positive integer £ and a primitive (o, Yo, 20)
such that (x,y,z) = (Lxo, £yo, £20).

The way to produce primitive Pythagorean triples (PPT) is de-
scribed as follows: If (x,y,z) is a PPT, then there exist positive
integers a, b such that

(i) a>b,
(il) a and b are coprime,
(ili)) a—b# 0 (mod2) (i.e. @ and b have different parity ),
(iv) (x,y,2) = (a® — b%, 2ab,a® + b?) or
(z,y,2) = (2ab,a? — b?,a? + b?) .

Conversely, if m and n satisfy (i). (ii), (iii), then (a®—b?, 2ab, a®+b?)
and (2ab, a® — b*, a* + b*) are PPTs.
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In the table below, due to M. Somos, of PPTs (z,y, z) enumerated
in ascending order with respect to z, (,.Yn,2,) is the n-th PPT
(we do not discriminate between (z,y, z) and (y, z, z)).

n || T | ¥n | Zn n T | B | 5 n Ty Y Zn
I 3 4 5 11 ] 33 | 56 | 65 1491 || 4389 | 8300 | 9389
2 5 12 | 13 12 55 48 73 1492 411 | 9380 | 9389
3 15 & |17 13 ) 77 | 36 | 8 1493 || G685 | 9372 | 9397
4 T |24 | 25 14 || 13 | 84 | 85 1494 | 959 | 9360 | 9409
5 || 21 |:20 | 29 15 | 39 | 80 | 89 |-+« | 1495 || 9405 | 388 | 9413
G 35 | 12| 37 16 G5 T2 a7 1496 || 5371 | 7740 | 9421
7 9 | 40 | 41 I || 99 | 2@ | 101 1497 || 9393 | 776 | 9425
8 15 [ 28 | 53 18 || 91 | 60 | 109 1498 || 7503 | 5704 | 9425
9 11 | G0 | 61 19| 15 | 112 | 113 1499 || 6063 | 7216 | 9425
10 ) 63 | 16 | 65 20 || 117 | 44 | 125 1500 || 1233 | 9344 | 9425

Likewise, one has the notion of primitive Eisenstein triple (PET),
and may show that (x,y, z) is a PET if and only if there exist positive
integers a, b such that

1. a > b,

2. ged(a,b) =1,

3. a—b#0 (mod3),

4. (z,y,2)) = (a® — b%,a® + 2ab,a? + ab + b?) or (a® + 2ab,a® —
b%, a® + ab + b?)
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Table for PETs

N

N
1
2
3
4
5
6
i
8
9

—
=

What we have interest in is the asymptotic behavior of PPTs (:n,y, &)
(with respect to z) . The numerical observation for PPTs tells us

10 |
—|{(m,y,z) PPT; = < 65}| = — = 0.1538,

20
—[{(a:, w,2) PPT 22X 126H = T 0.16,

125
_ 1500
— ,z) PPT; z < 9425} = —— = 0.1591

which convinces us that ﬁ {CW,&QZ)PPT; z < N}| exists (though
the speed of convergence is very slow), and the limit is expected to

be equal to 1/27 = 0.15915....
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This is actually true (D. N. Lehmer, 1900), though his proof is by
no means easy.

Theorem (Lehmer)

- 1
Jlel_r}rlmEH(:}:,y,z) PPT; z < N} = -,

For PETs, we have

Theorem (NEFAZE; M2)

1 V3
lim —|{(x,y,2) PET; 2 < N} = —.
Ngchl{(fc Y, 2) z < N} I

Idea

The above two theorems are consequences of the fact that I's (resp.
I';) has constant density ¢(T'y) = 2/7? (vesp. ¢(T'3) = 3/2n?), where

Ty =22, = {(a,b) € Z*| ged(a, b) = 1},

I'; = {(a,b) €T1| a —b =0 (mod?2)},

I'y = {(a,b) €T a—b=0 (mod3)}.
What we should notice here is that

{(a,b) € Z*| ged(a,b) =1, a —b #Z 0 (mod2)} = T',\Ty,
{(a,b) € Z*| ged(a,b) =1, a —b Z 0 (mod 3)} = I'1\Ts,
so that

e(P\Ty) = (1) = e(Ty) = 5

c(T\T'3) = ¢(Ty) — e(T'3) = =
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Theorem (Sunada)

4
lim e’ f(ez) = —/ f(x)dx.
e—=+0 €T \T, 11'2 B2

Theorem (Ono)

9
lim E e’ f(ez ———/ f(x)dx.
€_>+0zer1\1"3 (e2) 272 Jp (x)

In the case of PPT, we apply the theorem to the indicator function
f for the set {(z,y) € R?| z >y >0, 2® + y? < 1}. Then

Zezf(ez) = €*|{(a,b) € N*| ged(a,b) =1, a > b,
z€l
a®+b*°<e? a—-bZ0 (mod 2) }|.

Therefore we obtain

1
lim —|{(a,b) € N*| ged(a,b) =1, a > b, a® +b> < N,
k—oo N
b0 (mod2)}| == .2~
. o T ax? 8 2n
Note that {(a,,b) € N?| ged(a,b) =1, a>b, a*+b* < N, a—b#
0 (mod 2)}| coincides with the number of PPT (z,y, z) with = < N.

This observation leads us to lim —|{(z,y,z) PPT; 2< N} = —.
Noocc N 2w

—158 -




Corollary For a rational point (p,q) € S'(Q)(= S* N Q?), define
the height h(p, q) to be the minimal positive integer h such that
(hp,hq) € Z2. Then for any arc A in S*, we have

-1 h
H p,q) € AnQ? h(p, )Sh‘}‘NZ enf: (A)h’ (h — o),

and hence rational points are equidistributed on the unit circle,
i. e.
[{(p,q) € ANQ?| h(p,q) <h}| length(A)
() €S N@ A <h) 2

This theorem is stated in Duke’s paper published in Ramanujan
Journal, 7(2003). He suggests that this can be proved by using tools
from the theory of L-functions combined with Weyl’s famous criterion
for equidistribution on the circle.

In the case of PET, we take the indicator function f for the set
{(z,y) eR*| x>y >0, 2°+ xy + y* < 1}. Then

Zezf(ez) = eﬂ{(a, b) € N?| ged(a,b) =1, a > b,
zel
o Fab+ B < e? a—=hb Z0 (mod3)}|.

Therefore we obtain
1
lim —H(a, b) € N?| ged(a,b) =1, a > b, a’ + ab+ b*> < N,
k—oo [N
9 ™ ﬁ
2n? 643 T

Note that |{(a,b) € N?| ged(a,b) = 1, a > b, a’+ab+b*> < N, a—b %
0 (mod 3)}| coincides with the number of PET (2,y, z) with z < V.
This observation leads us to Ono’s theorem.

a—b#0 (mod3)}| =
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Summation formulae

I gave three examples of discrete sets Zg”m, 'y, T's with constant

density. The proof that these discrete sets have constant density re-
lies on the summation formulae derived from the so-called Inclusion-

Exclusion Principle (TEP).

To state the formulae, we need the Mobius function p(k) defined
by

1 (b =.1)
p(k) =4 (1) (k=pi, - -pi,; 01 < -+ < 1)
0 (otherwise),

where py < py < +++ are all primes enumerated into ascending order.
This is related to the zeta function by the formula

> p(k
CRE =

Z f(z) = Z (k) Z f(kw) (classical),

zE?ﬁnm k=1 weZd\ {0}

Z f(z) = Zp(k)z Z f(k2"w) (Sunada),
zely h= (}wE{QZ+1)2

S f(z) = zpmz S f(k3"w) (Ono).
z€ly h=0 we(3Z+1)2 [[(3Z—1)2

where f is a function on R? with compact support (thus both sides
are finite sums).
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Inclusion-Exclusion Principle

Inclusion-Exclusion Principle (IEP) is a powerful tool to approach
general counting problems involving aggregation of things that are
not mutually exclusive.

It is a generalization of the obvious equality

|A1 U A, U A3|

= |A1]| + |A2| + | A3
—|A; N As| — Ay N Ag| — |Az N Ay
+|A; N Az N As|

We now formulate the IEP from a general viewpoint.

Let {A;}2°, be a family of subsets of a set X where X and A; are
not necessarily finite.

Let f be a real-valued function with finite support defined on X
(in the practice, we consider a family of functions). We assume that
there exists N such that if i > N, then A;Nsuppf =0, ie. f(z)=0
for x € A,.

From now on, for a subset A of X, we use the symbol A°, meaning
the complement of A in X.
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Theorem (IEP)

3 fE = Z( ¢ 3 > f(x) (3)

ze;2, Af iy <Lonelin TEA NMeeNAy,

Z( o o Y. f@],

By Lol £E A N F’IA

where, for h = 0, the term Z Z f(x) should be

iy <o lip TEAG MeeNA,

understood as Z f(x).

reX

In applying this theorem to the summation formulae, we need
tricky choices of X and {A;}>=,

The proof for Zgrim goes as follows. Consider the case that

X = Zd\{o}s Ap = {(®1y. .y Ta) € X| prlT1y.-- aph.l-’l?d}-

Then ﬂ A =74, . We also easily observe

prime*
h=1

Ahl MNeeeN Ahk =Ph;** '.'Ph,,X-

Applying the theorem above to this case, we have

¥, fia = Z( nx > > fow o prw)

zezgrime hy<see<hy, wezd\{ﬂ}
>0
= > uk) > flkw).
Bt weZ4\{0}
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Are Z2 I's, I'3 quasicrystals?

prim?

Answer: From the summatin formulae, it follows that
(1) Ty and T'y are quasicrystals, and

(2) Zg,, is a near quasicrystal.

Conjecture Let p be a prime, and let aq,...,a4 be integers satisfying
ged(ay,...,aq) =1land p fa; (i =1,...,d)
Then
f(=iy s y2) € Z‘I| ajxy + -+ + aqgrqg = 0 (mod p)}

is a quasicrystal.

What are quasicrystals and “near”-quasicrystals?

A quasicrystals is a form of solid matter whose atoms are arranged
like those of a crystal but assume patterns that do not exactly repeat
themselves.

The interest in quasicrystals arose when in 1984 Schechtman and
others discovered materials whose X-ray diffraction spectra had sharp
spots indicative of long range order. Soon after the announcement
of their discovery, material scientists began intensive studies of qua-
sicrystals from empirical and theoretical sides. On the other hand,
the theoretical discovery of quasicrystal structures was already made
by R. Penrose in 1973.

At the moment, there are several ways to define quasicrystals math-
ematically. As a matter of fact, an official nomenclature has not yet
been agreed upon.
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Definition

We adopt the following definition for quasicrystals.

Formal definition: (1) A discrete set T' C R? is said to be a quasicrys-
tal if a generalized Poisson summation formula holds for I'; namely
there exist a countable subset A C R? and a sequence {a(£)}¢ca such

that .
S )~ > a@)f€) (4)

zel EEA

for every f € Cg"(Rd). Here f' is the Fourier transform of f:
f&) = [ fe sy Tetiax,
Bd

(2) T is said to be a near-quasicrystal provided that (4) holds for
every function f in a “large” proper subspace of Cg°(Rd)

Caution: A is not necessarily discrete. Thus the right-hand side

may not converge in the ordinary sense. The issue is how to justify
the formula (4).

Classical Poisson summation formula: Let I' be a lattice
group. Poisson summation formula tells us

S £(z) = volRY/T)~' S F(8). (

zel EEA

ot
—

Here A={£€R?| (¢,2) €Z for every z € T'}, the dual lattice of T.

Generalized Poisson summation formula: We say that a
generalized Poisson summation holds for a discrete set T if there

exist a family of discrete subsets {An}577_, of A and functions axn(£)
defined on An such that

i) | Av=A,
N=1

(i) Z ay (€)f(€) converges absolutely.
EEAN

(iii)  lim an(§) = a(§).

(iv) D> f(z) = Jim > an(€)F ().

zel EEAN
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Quasicrystals constructed by the cut and project method

Let L be a lattice in RN = RY x RN=¢ (N > d), and let W be a
compact domain (called a window) in R¥N~4. We denote by p, and
pn_a the orthogonal projections of RY onto BR? and RVN—9, respec-
tively. We assume that py_4(L) is dense, and p, is invertible on
pa(L). Then the model set I' associated with L and W is defined to
be pﬂg(L N (R4 x W))

We put A = py(L*). It should be remarked that for each & € A,
there exists a unique £ € RV~ such that (£,¢') € L*. Having this in
mind, we define

a(§) = vol(Dr)'xw (&) (£ €A, (&¢) €L

We then get

S f(z) ~ > al®)F(€)

zEDl £EA

d .
Zpl +m 1S @ near quasicrystal

Let V = {f € C;°(R"); f(0) = 0}. Applying the classical Poisson
formula, we obtain

Z f(z) = Zu(k) Yo flkw) = ZM k) Y flkw)

€28, weZd\ {0} weZd

n(k)k™>" £(&)

k=1 ¢egd
ﬂEUc

for f € V, where supp f C By(x).

Il
Mz

d . by bay .
For £ € Q% we write £ = (—,...,—) with a; > 0, b; € Z, and

ai ag
godlauly) = 1. Put

T = 0G5 o5 yOa)s
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To transform further this, we put

n £
an(€) = % 3. % An = {£€ € Qx| u(n(8)) # 0}
1<E<N/n(E)
ged(£,n(£))=1
Then

Y fz) =) an(&)F(©).

zCZ2 EEAN

“prim

Furthermore, if we put

A= (€€ Qluln(e) £0), a(©) = 2@ T] (-0 (e ),
pln(€)

then

D i L _B©) S )
P = QIAN, Jim N(s)——n(g)d Z ik

ged(€n(£))=1

a(§).

Thus Z¢

i 18 & near-quasicrystal.

In the case of 'y and T's, we note that (2Z + 1)? and (3Z £ 1)? are
lattices. Thus one may apply directly the classical Poisson formula
to obtain

k2h< N w(k) 1

Yre=3 (3 Segme)ie,

T 2 k>1,h>0
zel BN gikaht

where supp f C By(0) and 1 = (1,1). This implies that I'; is a
quasicrystal. One can check that I'y is a quasicrystal as well.
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Counting things is a great favorite of children, and

mathematicians as well, whatever the things are

Thanks a lot !
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