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Advanced Mathematical Investigation for Dislocations

September 10-11, 2018, Fukuoka, JAPAN

- -
(Propulsion of Collaboration between Mathematics and Materials

-Topics regarding Mathematical Description for Dislocation and Disclination-)

, Junichi Nakagawa

( ) Nippon Steel & Sumitomo Metal Co.

Disordered structures in a crystal, such as lattice defects, are a primary factor in deter-
mining the mechanical properties of materials. For example, the plasticity observed in
the macro-scale world is caused by lattice defects called dislocations in the micro-scale
world. We have been focusing on the mathematical properties of lattice defects in the
Study Group Workshop and the FMSP mathematical research on real world problems
of the University of Tokyo. In these activities, the behavior of the screw dislocation
observed by material scientists was described by a simple formula. It was found that
the mathematical essence of the formula was monodromy. Then, the monodromy was
described using a bundle whose fibers constitute a discrete group, such as Z. Further-
more, both the screw and edge dislocations, moreover, disclination were described by
encoding the symmetry arising from the original lattice using Thurston’s monodromy,
which was composed of local charts of the graph corresponding to the lattice defects,
and a coordinate change of these charts. The topics described above are problems
in mathematics originating from problems in materials and industry. Progress on the
problem is advancing mathematically year by year through interdisciplinary discussions
among the fields of mathematics, materials and industry, as well as among different
fields of mathematics. In this workshop, I hope to move to the next stage where
their theories make consistent mathematical and pragmatic progress with the social
cooperation of mathematics.

－1－



 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved

 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved

－2－



 2018 NIPPON STEEL & SUMITOMO METAL CORPORATION All Rights Reserved

Atomic configuration 
projected on a (111) plane.
Ato
pro

projected on a 
(110) plane.

1. The Burgers vector is 1/2[111]. 

2. A dislocation starts at a boundary. 

3. The dislocation is more likely to 
occur at a circuit around Circuit B 
rather than Circuit A. 

4. When the dislocation line is in 
Triangle B, the arrangement of 
atoms of Circuit B changes Circuit A. 

5. After the dislocation line passes  
Circuit B, the arrangement of atoms 
becomes Circuit B. 

The arrangement of atoms 
of the circuit B in CCW: 
    0 ->   b/3 -> 2b/3 
The arrangement of atoms 
of the circuit A in CCW: 
    0 -> 2b/3 ->   1b/3 

Shear stress 
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111]  direction of atom’s movement 
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P: Atomic configuration 
projected on a (111) plane. 

P
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(On observation of dislocations and phenomena

of plastic deformation in crystals)

, Kenji Higashida

National Institute of Technology, Sasebo College

In this talk, several observation results of dislocations and phenomena of plastic de-
formation in crystals are reported. The experimental results exhibit that dislocations
essentially control the mechanical behaviours of crystals such as plastic deformation and
fracture. A plastic deformation phenomenon called “kink deformation” is introduced,
since it attracts interests not only from materials engineering but also from mathemat-
ical field. The properties of dislocations and related phenomena play important roles
for the next generations.
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(Quasi-periodicity and dislocation in liquid crystals)

, Tetsuji Tokihiro

Graduate School of Mathematical Sciences, The University of Tokyo

By the analogy between liquid crystals and super conductors in statistical physics,
a screw dislocation in a liquid crystal corresponds to a magnetic vortex in a super
conductor. According to this analogy, there exists the twisted grain boundary (TGB)
phase in liquid crystals that is an analogue of the Abrikosov phase in super conductors.
In this talk, we wish to explain relations of the quasi-periodicity of TGB phase to the
classification of quasi-crystals in terms of class numbers in number theory.
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(Advanced mathematical investigation and dislocations in crystal lattice)

, Shigeki Matsutani

National Institute of Technology, Sasebo College

Crucial problems in industry, basically, cannot be solved in the framework of a
single mathematical field or a single field in science. They are related to a variety
of mathematical fields and wider scientific knowledge [1]. The study of Bernoulli-
Euler’s elastic curve (elastica) is a nice prototype [2,3]. I call such a study advanced
mathematical investigation [1]. In this talk, after I give a short review of their study
of elastica, I explain what is the advanced mathematical investigation. As examples
of the investigation, I report the discrete geometry of screw dislocation [4] and recent
study of kink phenomenon using the elastica [5].

References

[1] Libre 2018 2 86-87.
[2] , 13 (2003) 48-60.
[3] S. Matsutani, Euler’s Elastica and Beyond, J. Geom. Symm. Phys 17 (2010) 45-86.
[4] H. Hamada, S. Matsutani, J. Nakagawa, O. Saeki, and M. Uesaka, An algebraic description of

screw dislocations in SC and BCC crystal lattices, Pasific J. Math. for Industry, (2018) 10:3.
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Growth
(Mathematical Description of Crystal Lattice Structure, Growth)

, Junichi Nakagawa

Nippon Steel & Sumitomo Metal Co.
( )

FMSP mathematical research on real world problems of the University of Tokyo

The mathematical research on real world problems is an educational program for
doctorate course students in FMSP (Leading Graduate Course Frontiers of Mathemat-
ical Science and Physics) of the University of Tokyo. Nippon Steel & Sumitomo Metal
Corporation proposes themes for the program, and has provided several themes for
students who major in geometry or algebra. In this presentation, the growth is high-
lighted as a theme that is of interest in mathematics and important in materials. The
growth is defined as a sequential representation of the graphical structure of a crystal
lattice. The 1st growth corresponds to the coordination number of crystals, which is
used as a numerical index to describe the crystalline structure in material science. The
number of the nth growth was counted step by step and the numerical sequences at
n → ∞ are a quasi-polynomial, i.e. the coefficients are periodic functions with an in-
tegral period. The generating functions can be derived from the quasi-polynomial and
showed symmetrical properties. We are studying the mathematical conditions such
that the growth becomes a quasi-polynomial and the relationship between the growth
of a crystal lattice and the growth of the crystal group.
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(Space-Time Theory of Continuously Distributed Dislocations:

Differential-Geometrical Approach)

, Shun-ichi Amari

RIKEN

Metals have crystal structures and defects of such structures are responsible for
their strength. Defects are typically dislocations and disclinations from the microscopic
point of view, but they are continuously distributed from the macroscopic point of view.
Riemannian and non-Riemannian theories had been developed in Japan and Europe
in 1950-1970 for elucidating these aspects [1-3].

However, it looks mostly forgotten in the present days. We review these theories
again. We recapitulate the four-dimensional continuum theory of moving dislocations
in which motion, creation and annihilation of dislocations are described as torsions and
curvatures of a four-dimensional material space-time.
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Certain Arithmetic Quasicrystals

, Toshikazu Sunada

Graduate School of Advanced Mathematical Sciences, Meiji University

In this talk, motivated by the 31st entry dated 1796 September 6 in Gauss’s Math-
ematisches Tagebuch (Mathematical Diary), I will deal with a class of discrete sets
defined arithmetically in the Euclidean space. Asymptotic behaviors of primitive
Pythagorean and Eisenstein triples are discussed in connection with the notion of
quasicrystals.
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graphs and random walks”, London Mathematical Society Lecture Note Series 436, Cambridge
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