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On mathematical problems concerning dislocation in steel materials 

Junichi Nakagawa (Nippon Steel & Sumitomo Metal Corporation, Advance Technology Research 
Laboratories, Mathematical Science & Technology Research Lab.) 

 

A crystal is a solid material whose constituent, such as atom, molecules are arranged in a 
highly ordered microscopic structure, forming a crystal lattice that extends in all directions. 
Disordered structures in a crystal, such as dislocations and lattice defects, are a primary factor 
in determining the mechanical properties of materials. It is a great challenge in material 
research to describe theoretically and quantitatively the relationship between the disordered 
degree of crystal lattices in nano-scale and the mechanical properties of materials in 
macro-scale.  

In this workshop, I will use a screw dislocation in the body-centered cubic (BCC) lattice in Fe 
crystals as an example and discuss the following theme: Describing the movement and the 
mechanical behavior of screw dislocation in the BCC lattice using mathematics   

Dislocations are areas where the atoms are out of position in the crystal structure. Dislocations 
are generated and move when stress is applied. The motion of dislocations allows slip-plastic 
deformation to occur. The slip step associated with the movement of a screw dislocation is parallel 
to the dislocation line. Movement of the screw dislocation produces a displacement b parallel to the 
dislocation line. In body-centered cubic metals, slip occurs in close-packed <111> directions. The 
shortest lattice vector, i.e. the Burgers vector of the perfect slip dislocation, is of the type 1/2<111>. 

I aim to describe the principle of disordered structures in material crystals by “think from 
zero,” which means integrating a series of observed facts and physical theories in material 
science thorough consistent logic using mathematics. 

 

 
*1 292-8511  
E-mail: nakagawa.q9p.junichi@jp.nssmc.com 
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A Mathematical Description of Screw Dislocations

( )∗1

Osamu Saeki (Institute of Mathematics for Industry, Kyushu University)

The talk is based on the paper entitled “An algebraic description of screw
dislocations in SC and BCC crystal lattices”, arXiv:1605.09550 [math-ph],
which is a joint work with Hiroyasu Hamada, Shigeki Matsutani, Junichi
Nakagawa and Masaaki Uesaka.

Mathematical descriptions of dislocations in crystal lattices have been stud-
ied extensively mainly in the framework of differential geometry. However,
lattice structures are usually given as discrete geometry and are controlled
by discrete groups.

In this talk, we give algebraic descriptions of screw dislocations in the simple
cubic (SC) and the body centered cubic (BCC) crystal lattices in terms of
certain “fibrations” invloving group rings. Using such fibration structures,
we embed the continuum geometric picture of a screw dislocation in the
euclidean space, and then we use algabraic structures of lattices to embed
their “discrete dislocations” in the continuum description. Our key idea is
to use certain sections of S1-bundles to control the behavior of dislocations,
both in continuum and discrete pictures.

We also show that the energy of a screw dislocation based on the spring
model is given by the Epstein zeta function in its first order approximation.
This will be shown by using our algebraic and topological description of a
screw dislocation.

It should be noted that the results presented in this talk arose in our at-
tempt to solve the following problems proposed in the Study Group Work-
shop at Kyushu University and the University of Tokyo, held during July
29–Aug 4, 2015.

1. To find a proper mathematical description of a screw dislocation in
the BCC lattice.

2. To find a proper mathematical description of the energy of a screw
dislocation in the BCC lattice.

1.

∗1
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SC and BCC lattices
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Simple Cubic Lattice and Body-Centered Cubic Lattice

(screw dislocation)
§0. Introduction §1. §2. §3.

4 / 39

Study Group Workshop 2015: “Mathematical description of
disordered structures in crystal”

　新日鐵住金（株）中川氏資料より
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S1 monodromy

SC BCC

Epstein Zeta

§1.

§0. Introduction §1. §2. §3.
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SC

0 �� Z
ι �� R

exp 2π
√−1 �� U(1) �� 1

scaling–shift d > 0
δ > 0

Z
ϕδ �� E

ψ �� S1

ϕδ(n) = d · n+ δ, ψ(y) = exp(2π
√−1y/d)

E = R, S1 = U(1)
E, S1

ϕδ(Z) = ψ−1(exp(2π
√−1δ/d))

γ = exp(2π
√−1δ/d) ∈ S1

§0. Introduction §1. §2. §3.
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E
2

ZE2 , EE2 , S1
E2

ZE2
ϕ̂δ−−−−→EE2

ψ̂−−−−→S1
E2 .

ϕ̂δ, ψ̂ ϕδ, ψ

γ ∈ S1 σγ : E2 → S1
E2

σγ(z) = (γ, z) ∈ S1
E2 = S1 × E

2 (z ∈ E
2)

ZE2,γ := ψ̂−1
(
σγ(E

2)
)
= ϕ̂δ(ZE2) ⊂ E

3 = EE2 .

: ZE2,γ E
2

－31－
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E
2 = C z0 ∈ E

2 = C

E
2 \ {z0} ZE2\{z0}, EE2\{z0}, S

1
E2\{z0}

ZE2\{z0}
ϕ̂δ−−−−→EE2\{z0}

ψ̂−−−−→S1
E2\{z0}.

z0 σz0,γ : E2 \ {z0} → S1
E2\{z0}

σz0,γ(z) =

(
γ
z − z0
|z − z0| , z

)
, z ∈ E

2 \ {z0} = C \ {z0}

ZE2\{z0},γ := ψ̂−1
(
σz0,γ(E

2 \ {z0})
) ⊂ EE2\{z0} ⊂ E

3

πz0,γ : ZE2\{z0},γ → E
2 \ {z0}

－32－



E
2 \ {z0} E

3
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1.1 πz0,γ : ZE2\{z0},γ → E
2 \ {z0} E

2 \ {z0}

z0 = (0, 0), d = 2, δ = 0, γ = 1

SC

§0. Introduction §1. §2. §3.
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S = S+

∐S− ⊂ E
2

S+ = {z1, z2, . . . , zs} S− = {zs+1, zs+2, . . . , zs+t}
E

2 \ S EE2\S , S1
E2\S ψ̂ : EE2\S → S1

E2\S
σS,γ : E2 \ S → S1

E2\S

σS,γ(z) =

⎛⎝γ
∏

zi∈S+

z − zi
|z − zi| ·

∏
zj∈S−

z − zj
|z − zj| , z

⎞⎠ , z ∈ E
2 \ S = C \ S.

ZE2\S,γ := ψ̂−1
(
σS,γ(E2 \ S)) ⊂ E

3 \ π−1
E
(S) ⊂ E

3

πS,γ : ZE2\S,γ → E
2 \ S πS,γ

E
3

－33－
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s t

ZE2\S,γ

§0. Introduction §1. §2. §3.
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x0 ∈ E
2 \ S
π1(E

2 \ S, x0) n = s+ t
mk zk 1
π1(E

2 \ S, x0) m1, . . . ,ms,ms+1, . . . ,ms+t

h : π1(E
2 \ S, x0) → Z

h(mk) =

{
1, 1 ≤ k ≤ s,

−1, s+ 1 ≤ k ≤ s+ t.

1.2 πS,γ : ZE2\S,γ → E
2 \ S π1(E

2 \ S, x0) Kerh

Kerh

－34－
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SC = A
a
3 := Za1 + Za2 + Za3 = 〈a1, a2, a3〉Z.

a > 0 a1 = (a, 0, 0), a2 = (0, a, 0), a3 = (0, 0, a).
=⇒ ιA3 : A

a
3 ↪→ R

3.

δ = (δ1, δ2, δ3) ∈ E
3 ιA3,δ : A

a
3 ↪→ E

3

ιA3,δ(n1a1 + n2a2 + n3a3) = (n1a, n2a, n3a) + (δ1, δ2, δ3), n1, n2, n3 ∈ Z.

ιA3,δ(A
a
3) (0, 0, 1)-

－35－
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ι
A2,δ

(Aa
2)

ιA3,δ(A
a
3)

SC
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A3 := {αn1
1 αn2

2 αn3
3 | abelian, n1, n2, n3 ∈ Z} (∼= A

a
3)

A3 A
a
3

C[A3] = C[α1, α2, α3, α
−1
1 , α−1

2 , α−1
3 ].

(0, 0, 1)- 2

C[A3]/(α3 − 1) = C[α1, α2, α
−1
1 , α−1

2 ] =: C[A2].

A2 := {αn1
1 αn2

2 | abelian, n1, n2 ∈ Z}(∼= Za1 + Za2 =: Aa
2)

C[A2]-factor 1

(0, 0, 1)-

－36－



SC (001)-
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C[A3] → C[A3]/(α3 − 1)

Z �� A3

�

��
A2.

Ap := {(n1a+ δ1, n2a+ δ2) |n1, n2 ∈ Z}
E

2 “p” = plane

ZAp
−−−−→EAp

ψ̂−−−−→S1
Ap
, Ap → S1

Ap

SC (0, 0, 1)-

E
2 \ S Ap

(111)-
§0. Introduction §1. §2. §3.
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BCC
SC (111)-

Rd = C[A3]/(α1α2α3 − 1)

a1 + a2 + a3 ∈ A
a
3 ⊂ R

3 a1 − a3, a2 − a3.
A3 “d” = diagonal

Ad := {(α1α
−1
3 )	1(α2α

−1
3 )	2 | �1, �2 ∈ Z}.

C[Ad] = C[α1α
−1
3 , α2α

−1
3 , α−1

1 α3, α
−1
2 α3] Rd

－37－
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2.1 C[Ad]-

Rd
∼= C[Ad]⊕ C[Ad]α1 ⊕ C[Ad]α1α2

[0, a]3 3 8

{1}, {α1, α2, α3}, {α1α2, α2α3, α3α1}, {α1α2α3}

1 α1α2α3 3

3 sheets
§0. Introduction §1. §2. §3.

22 / 39

3 sheets E
3

sheet 〈α1α
−1
3 , α2α

−1
3 〉Z

Ad 3 sheets A
a
3

Ad := A(0)
d

∐
A(1)

d

∐
A(2)

d .

－38－
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A(0)
d := {�1(a1 − a3) + �2(a2 − a3) | �1, �2 ∈ Z},

A(1)
d := {�1(a1 − a3) + �2(a2 − a3) + a1 | �1, �2 ∈ Z},

A(2)
d := {�1(a1 − a3) + �2(a2 − a3) + a1 + a2 | �1, �2 ∈ Z}.

Sheet
√
3a/3.

SC (0, 0, 1)- 1

BCC
§0. Introduction §1. §2. §3.
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BCC

B
a := 〈a1, a2, a3, b〉Z/〈2b− a1 − a2 − a3〉Z

SC a1 = (a, 0, 0), a2 = (0, a, 0), a3 = (0, 0, a) E
3

b (a1 + a2 + a3)/2

－39－
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B := {α	1
1 α

	2
2 α

	3
3 β

	4 | abelian, �1, �2, �3, �4 ∈ Z, β2α−1
1 α−1

2 α−1
3 = 1}.

B

R3 := C[B] = C[α1, α2, α3, α
−1
1 , α−1

2 , α−1
3 , β, β−1]/(β2 − α1α2α3).

B Bd := {(α1α
−1
3 )	1(α2α

−1
3 )	2 | �1, �2 ∈ Z}.

2.2 R := R3/(β − 1) C[Bd]-

R ∼= C[Bd]⊕ C[Bd]α1 ⊕ C[Bd]α1α2.

3 sheets

BCC 3 sheets
§0. Introduction §1. §2. §3.

26 / 39

SC 3 sheets sheet
√
3a/6

B ⊂ E
3 3 sheets

B := B(0)
∐

B(1)
∐

B(2).

－40－



BCC 3 sheets
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BCC
§0. Introduction §1. §2. §3.
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η : R3 → R
3

a1, a2, a3 �→ a

⎛⎝ √
2/2

−√
6/6√
3/3

⎞⎠ , a

⎛⎝ 0√
6/3√
3/3

⎞⎠ , a

⎛⎝ −√
2/2

−√
6/6√
3/3

⎞⎠ .

δ = (δ1, δ2, δ3) ∈ E
3 ιBCC

δ : Ba ↪→ E
3 x �→ η(x) + δ,

x ∈ B
a ⊂ R

3

－41－



B(c) , c = 0, 1, 2
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π : E3 → E
2 2

ιBCC,c

δ̄
= π ◦ ιBCC

δ |B(c) : B(c) = Z
2 ↪→ E

2, c = 0, 1, 2.

S = S+

∐S− ⊂ E
2 ιBCC,c

δ̄
(B(c)) ∩ S = ∅, c = 0, 1, 2,

c = 0, 1, 2

EB(c)

ι̂BCC,c

δ̄ ��

��

ψ̂

��

EE2\S

��

ψ̂

��

B(c)
ιBCC,c

δ̄ �� E2 \ S

S1
B(c)

��

ι̂BCC,c

δ̄ �� S1
E2\S

��

ψ̂ ψ d =
√
3a/2

§0. Introduction §1. §2. §3.
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2.3 γ = exp(4π
√−1δ3/(

√
3a)) ∈ S1

σ̌γ,c : B(c) → S1
B(c) , c = 0, 1, 2, γζ−c

3

(ζ3 = exp(2π
√−1/3))

ιBCC
δ (Ba) =

2⋃
c=0

ι̂BCC,c

δ̄

(
ψ̂−1

(
σ̌γ,c(B(c))

)) ⊂ E
3.

B(0), B(1), B(2)

union

BCC

－42－
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2.4 z0 = x0 +
√−1y0 ∈ C = E

2

2⋃
c=0

ι̂BCC,c

δ̄

(
ψ̂−1

(
(γζ−c

3 σ̌z0)(B(c))
))

E
3 σ̌z0 : B → S1

B

σ̌z0(x) =
( √

2	1a+
√
2	2a/2−x0+

√−1(
√
6	2a/2−y0)

|√2	1a+
√
2	2a/2−x0+

√−1(
√
6	2a/2−y0)| , x

)
for x = �1(a1 − a3) + �2(a2 − a3) ∈ B(0),

σ̌z0(x) =
( √

2	1a+
√
2a/2+

√
2	2a/2−x0+

√−1((
√
6	2a−

√
6a/3)/2−y0)

|√2	1a+
√
2a/2+

√
2	2a/2−x0+

√−1((
√
6	2a−

√
6a/3)/2−y0)| , x

)
for x = �1(a1 − a3) + �2(a2 − a3) + a1 − b ∈ B(1),

σ̌z0(x) =
( √

2	1a+
√
2a/2+

√
2	2a/2−x0+

√−1((
√
6	2a+2

√
6a/3)/2−y0)

|√2	1a+
√
2a/2+

√
2	2a/2−x0+

√−1((
√
6	2a−2

√
6a/3)/2−y0)| , x

)
for x = �1(a1 − a3) + �2(a2 − a3) + a1 + a2 − b ∈ B(2).

BCC
§0. Introduction §1. §2. §3.
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2.5 BCC

2⋃
c=0

ι̂BCC,c

δ̄

⎛⎝ψ̂−1

⎛⎝⎛⎝γζ−c
3

∏
zi∈S+

σ̌zi

∏
zj∈S−

σ̌zj

⎞⎠ (B(c))

⎞⎠⎞⎠
=

2⋃
c=0

ι̂BCC,c

δ̄

⎛⎝ √
3a

12π
√−1

exp−1

⎛⎝⎛⎝γζ−c
3

∏
zi∈S+

σ̌zi

∏
zj∈S−

σ̌zj

⎞⎠ (B(c))

⎞⎠⎞⎠
E

3

BCC

－43－
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SC (001)-
z0 = x0 +

√−1y0
“edge” a√

2a

SC

－44－
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edge [(�1, �2, �3), (�1 + 1, �2, �3)]

− =

√
a2 + (ε

(1)
	1,	2

)2 − a.

ε
(1)
	1,	2

=
a

2π
√−1

(log(σ̌z0,γ(�1 + 1, �2))− log(σ̌z0,γ(�1, �2))) ,

σ̌z0,γ(�1a, �2a) = γ
�1a− x0 +

√−1(�2a− y0)∣∣�1a− x0 +
√−1(�2a− y0)

∣∣ .

§0. Introduction §1. §2. §3.
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a√
(�1a− x0)2 + (�2a− y0)2

(�1a, �2a) ∈ E
2 a

z0 = (x0, y0)
ρ > 0

Aρ :=
{
(�1, �2) ∈ Z

2 | ρa ≤
√
(�1a− x0)2 + (�2a− y0)2

}

Z
2 \ Aρ

－45－
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Truncated Epstein zeta function ζρ(s, z0)

ζρ(s, z0) :=
∑

(	1,	2)∈Aρ

1

((�1 + x0)2 + (�2 + y0)2)s/2
.

3.1 a/((�1 + x0)
2 + (�2 + y0)

2) 2 order SC
(0, 0, 1)-

Eρ(x0, y0) =
1

8π2
kda

2ζρ(2,−z0/a).

kd

§0. Introduction §1. §2. §3.
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3.2 (1) {
(x, y) ∈ R

2 | r0 <
√
x2 + y2 < R

}
c× logR/r0 c

(2) edge [(�1, �2, �3), (�1 + 1, �2 + 1, �3 + 1)]

(3) x′
0 − x0 y′0 − y0 a Eρ(x0, y0) = Eρ(x

′
0, y

′
0)

=⇒
(4) Epstein zeta

ζ(s, z0) =
∑

(	1,	2)∈Z2

1

((�1 + x0)2 + (�2 + y0)2)s/2

s = 2

(5) BCC
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Reference:
H. Hamada, S. Matsutani, J. Nakagawa, O. Saeki and M. Uesaka,
An algebraic description of screw dislocations in SC and BCC crystal lattices,
arXiv:1605.09550 [math-ph].
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対称性の破れに基づく結晶の有効理論の構築および
トポロジカル欠陥の動力学

Effective theory for crystals and dynamics of
topological defects based on a symmetry breaking

小林未知数 (京都大学大学院理学研究科物理学宇宙物理学専攻非線形動力学分科)∗1

Michikazu Kobayashi (Kyoto University)

概 要
Crystals are systems with spontaneously broken translational and rota-
tional symmetries which couple each other with the semi-direct product.
In this work, focusing on the spontaneous breaking of the rotational sym-
metry, I try to construct an effective theory for crystals. One of powerful
mathematical tools to treat the breaking of the rotational symmetry of crys-
tals is the bond-orientational order which is l-dimensional real vector. The
bond-orientational order is originally defined for each particle as the sum-
mation of the l-th spherical harmonics

∑
i Yl,m(θi, φi) with angles (θi, φi)

of the neighbor particles. With SO(3)-invariant Clebsch-Gordan coupling
coefficients, I can construct the rotational invariant effective Hamiltonian.
The spontaneous symmetry breaking G → H occurs at low temperatures,
where G � SO(3) and H ⊂ SO(3) are symmetries of the Hamiltonian and
the order parameter respectively. I show two demonstrative results of the
stochastic Langevin equation for the properties of the symmetry breaking
in equilibrium and non-equilibrium dynamics of topological disclinations.

The symmetry breaking in equilibrium can be described as the thermody-
namic phase transition. Although the phase transition from fluid to crystal
is usually first order, I can control the order of the phase transition. If I
make transitions second order, corresponding critical exponents depends on
symmetries H of the order parameters, suggesting the universality class of
the symmetry breaking depends on dimensions of the space and the order
parameter but also the topology of the order parameter.

The topological charge of the disclinations can be classified by the double
cover of H or discrete subgroup of H, and usually non-Abelian group. Its
non-Abelian property can show unconventional collision dynamics of discli-
nations. When topological charges of two colliding disclinations are same,
they usually reconnect at low temperatures T � 0.8Tc and pass through
at high temperatures T � 0.8Tc. They also pass through for different but
commutative topological charges. However, topological charges are non-
commutative, both reconnection and pass through are topologically forbid-
den and a new disclination is formed between two colliding disclinations.

1. 本報告
当日報告した内容を次ページ以降に示す：

∗1〒 606-8502　京都市左京区北白川追分
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Application of algebra to a lattice determination
problem in powder crystal structure analysis

( /JST )∗1

Ryoko Oishi-Tomiyasu (Yamagata Univerisy/JST PRESTO)

Several mathematical problems required for the foundation of crystal struc-
ture determination from diffraction patterns are introduced. In the sense
that all the handled values include observational errors, some of those pro-
vide new types of algebraic problems. In the determination in powder-
crystal structure analysis, problems difficult even from the viewpoint of
modern mathematics are involved. It is explained what kinds of mathe-
matical tools are used to solve these problems.

Introduction

1

2

2006

1

[8]

[9]

3 2

1.2

CONOGRAPH

CONOGRAPH [5]

∗1 4-12
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1.2

2

[4]

(2.1)

EPDIC-15 [7]

[1]

2

2

3 L

R
3

R
3/L

2

L

Hankel

L

L

1.

X

1.1.

CONOGRAPH

Appendix A

( ) Λobs:

(

( ) (i) 2(q1 + q2) = q3 + q4 q1, q2, q3, q4 ∈ Λobs

－90－



q1 = |l∗1|2, q2 = |l∗2|2, q3 = |l∗1 + l∗2|2, q4 = |l∗1 l∗2|2 for

l∗1, l
∗
2 1

1: 4

(ii) 3q1+q3 = 3q2+q4 q1, q2, q3, q4 ∈ Λobs

2 2 2(q2+q?) = q1+q3 and 2(q1+q?) = q2+q4
q? q? = (q1+ q3 2q2)/2 = (q2+ q4 2q1)/2

q? Λobs q?

2: 3q1 + q3 = 3q2 + q4 q1, q2, q3, q4 ∈ Λobs

(iii) (2

) 3

3: 2

(iv) (3) T T Λobs

T1, T2

S(T ) S(T )

S(T ) =

(
|l∗1|2 l∗1 · l∗2
l∗1 · l∗2 |l∗2|2

)
(1.1)

－91－



T 1
S(T ) T

A2

M q6 ∈ Λobs A2 2 4
q1

q2, q3, q4, q5 4 ; 〈l∗1, l∗2, l∗3〉 |l∗i |2 = qi
(1 ≤ i ≤ 3), |l∗1 + l∗2|2 = q4, |l∗1 + l∗3|2 = q5, |l∗1 + l∗2 + l∗3|2 = q6

2 a∗, b∗, c∗,
α∗, β∗, γ∗⎛⎝ (a∗)2 a∗b∗ cos γ∗ a∗c∗ cosβ∗

a∗b∗ cos γ∗ (b∗)2 b∗c∗ cosα∗

a∗c∗ cosβ∗ b∗c∗ cosα∗ (c∗)2

⎞⎠ =

⎛⎝ q1
q4−q1−q2

2
q5−q1−q3

2
q4−q1−q2

2 q2
q1+q6−q4−q5

2
q5−q1−q3

2
q1+q6−q4−q5

2 q3

⎞⎠

4: q1 2

([3], [14], [10]) (i)

ITO [13] (i)

(Appendix A, [9])

Appendix (i) (ii)

(i), (ii)

(v) M Λobs n M = n(n+ 1)/3

n(n+ 1)/2 CONOGRAPH

1– 4 [2]

primitive

Bass-Serre

1.2.

geometrical ambiguity (GA)
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[6] 2

incommensurate ( 2

Q equivalent GA

53 151

R
3

[11]

incommensurate ( 5 )

6

5: (Figure 1 of [11]) incommensurate

;

1

3

1

3

1

6:

[12]
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GA

151

Hasse-Minkowski

GA

GUI

GA

7

�������	
��������������

7: ;

2.

2.1.

ρ

ρ(x) =
∑
l∈L

n∑
i=1

Ciδ(x− xi). (2.1)

L xi (1 ≤ i ≤ n) R
3/L

Ci X

－94－



d

Ci(d) =
4∑

k=1

aik exp(−bik/2d) + ci. (2.2)

SX(x) = (4π)
∑4

k=1 aikbik(b
2
ik + 16π2|x|2)−2 + ciδ(x)

aik, bik ci ∫
R3 SX(x)dx =

(8π2)−1
∑4

k=1 aik + ci (8π2)−1
∑4

k=1 aik +Real(ci) Ci

X (2.1) ρ(x)

∑
l∈L

n∑
i=1

n∑
j=1

CiC̄jδ(x− xi + xj). (2.3)

C̄j Cj Cj C̄j = Cj

2

•

• Λ := {xi − xj : 1 ≤ i, j ≤ n}( 8) ’

• Δ ∈ Λ
∑

xi−xj=ΔCiC̄j Δ

L

R
3/L

{x1, . . . , xn} (configuration)

xi − xj = xk − xl

Configuration
(Atom positions)

Difference vectors

8:

2
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(i) R
3/L

( Δ0 = 0,±Δ1, . . . ,±ΔN )

(ii) (i)

{∑n
i=1 xi =

∑m
j=1 Ci,∑

vi−vj=Δk
xixj =

∑
ui−uj=Δk

CiCj(0 ≤ k ≤ N).
(2.4)

Cj, uj (1 ≤ j ≤ m) xi, vi
(1 ≤ i ≤ n) xi

Cj vi uj

(2.4)

vi vj (1 ≤ i, j ≤ n)

( 5 ) 2

exact

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Minimize

N∑
k=0

∣∣∣∣∣∣
∑

vi−vj=Δk

xixj −
∑

ui−uj=Δk

cicj

∣∣∣∣∣∣
subject to:

n∑
i=1

xi =
m∑
j=1

cj.

(2.5)

2

4

2.2.

2.2.1. R
3/Z3

: Λ = {±Δ1, . . . ,±ΔN} 0

: Λ R
3/Z3

: (1) s = 1 1 11

R
3/Z3

(2) s = k (v )

(a), (b) :
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1
1

9: Δ1 2

(a) 10 v Δk

(b) 10 v Δk Δl (k < l)

10: k R
3/Z3

Λ

Λ

Δk

s = k + 1

Λ

C1, . . . , Cm Ci Gi

Λ ±Δ1, . . . ,±ΔN

Gi ±Δ1, . . . ,±Δk

Hi,k ⊂ Gi

k H1,k, . . . , Hm,k

Gi

Gi Hi,k

medium size

4GB

100
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2.2.2. 2

Δ0 = 0

Λ = {Δ0,±Δ1, . . . ,±ΔN} (2.5)

:⎧⎪⎪⎨⎪⎪⎩
minimize

∑N
k=0 εk

subject to:
∑n

i=1 xi =
∑m

j=1 cj,

−εk ≤
∑

vi−vj=Δk
xixj −

∑
ui−uj=Δk

cicj ≤ εk (1 ≤ k ≤ N).

(2.6)

ε1,k = εk +
∑

vi−vj=Δk
xixj +

∑
ui−uj=Δk

cicj, ε2,k = εk −
∑

vi−vj=Δk
xixj +∑

ui−uj=Δk
cicj (2.5) :⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
minimize

∑N
k=0(ε1,k + ε2,k)/2

subject to:
∑n

i=1 xi =
∑m

j=1 cj,∑
vi−vj=Δk

xixj −
∑

ui−uj=Δk
cicj = (ε1,k − ε2,k)/2,

ε1,k ≥ 0, ε2,k ≥ 0 (1 ≤ k ≤ N).

(2.7)

2 2

(QP) QP

• X = (Xij) and Y = (Yij)

X • Y def
= Trace(XY ) =

n∑
i=1

n∑
j=1

xijyij. (2.8)

X 
 0 X

(SDP){
minimize C •X
subject to: Ak •X = bk (k = 1, . . . , N), X 
 0.

(2.9)

{
maximize

∑N
k=1 bkyk

subject to: Y +
∑N

k=1 yiAi = C, Y 
 0.
(2.10)

(2.9), (2.10) Ak (k = 1, . . . , N), C b1, . . . , bN
(2.10) (2.9) (2.10) (2.9)

(2.10)

Theorem 1 ( ). X, (Y, y1, . . . , yN) (2.9), (2.10)

C •X ≥∑N
k=1 bkyk

Theorem 2 ( ). X, (Y, y1, . . . , yN) (2.9), (2.10)

• X (2.10) (Y ∗, y∗1, . . . , y
∗
N)

(2.9) C •X

－98－



• Y (2.9) X∗ (2.10)∑N
k=1 bkyk

• X, Y X∗, (Y ∗, y∗1, . . . , y
∗
N) C •X∗ =∑N

k=1 bky
∗
k

(2.7)

(i)
∑n

i=1 xi =
∑m

j=1 cj xn

(ii) x1, . . . , xN−1, ε1,k ≥ 0, ε2,k ≥ 0 (1 ≤ k ≤ N) x = (1, x1, . . . , xN−1)

and X̃ = xTx (xT x ) X

X =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

X̃

ε1,1
. . .

ε1,n
ε2,1

. . .

ε2,N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

 0, X̃11 = 1, X̃ is rank 1, (2.11)

X̃ij X̃ (i, j) X 0

(2.7) “X rank 1”⎧⎪⎪⎨⎪⎪⎩
minimize C •X
subject to: Ak •X = bk(k = 1, . . . , N), Z •X = 1,

X 
 0 is the block-diagonalized matrix as in (2.11).

(2.12)

C ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

O

1/2
. . .

1/2

1/2
. . .

1/2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.13)
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Ak bk ∈ R x X

∑
vi−vj=Δk

xixj −
∑

ui−uj=Δk

cicj =
ε1,k − ε2,k

2
. (2.14)

Z (1, 1) 1 0 Z •X̃ = 1 X̃11 = 1

1 (2.12) (2.9)

SDP SDP

2.9)

0 (2.5)

0

X̃ 1 X̃ = xTx

x = (1, x1, . . . , xN−1)

SDP X, Y n

N

n < 60 and N < 2000

SDPA

X̃ > 1

1

2.3. Implementation and results

2.2.1 2.2.2

C++ SDP solver SDPA [15]

NaCl 2

2000 CIF

10 Table 1 2.2.1

i7-6500 CPU@2.50GHz 8 GB

5

100

100

6

html 3D (Figure 11).

6

2.2.2 1–10

NaCl x1,

x2 2
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1: 2.2.1 (ε = 0.001 ); (v1, v2, v3) ∈ R
3/Z3∣∣∑3

i=1 exp(2π
√−1− 1

∣∣ < ε 0

N(N − 1)/2

No. ( ) R
3/L

N

(N(N − 1)/2 )

1 NaCl (F m 3̄ m) 2 (1) 1 1

2 BaFBr (P 4/n m m) 6 (15) 9 1

3 SrFCl (P 4/n m m) 6 (15) 9 1

4 TaCl4 (C 1 2/m 1) 10 (45) 25 1

5 NiAs (C m c 21) 12 (66) 54 1

6 Y(PO4) (I 41/a m d) 12 (66) 34 3

7 CsI3 (P m c n) 16 (120) 64 1

8 BaCrO4 (P n m a) 24 (276) 141 1

9 Be2 (SiO4) (R 3̄) 42 (861) 441 1

10 Co2V2O7 (P 21/c) 44 (946) 484 1

11: 6 ( html, three.js ); No. 1

No.2 and 3
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2 SDPA 1

NaCl X̃ 1

X̃

2: 2.2.2
No. ( ) (2.12)

( )

X

1 NaCl (F m 3̄ m) 5.11e-09 (-6.64e-09) 2

2 BaFBr (P 4/n m m) 2.08e-08 (-6.03e-08) 1

3 SrFCl (P 4/n m m) 2.72e-09 (-7.91e-09) 1

4 TaCl4 (C 1 2/m 1) 5.15e-09 (-1.91e-08) 1

5 NiAs (C m c 21) 9.01e-08 (-4.98e-07) 1

6 Y(PO4) (I 41/a m d) 5.34e-08 (-2.42e-07) 1

7 CsI3 (P m c n) 8.03e-08 (-4.76e-07) 1

8 BaCrO4 (P n m a) 1.76e-07 (-1.62e-06) 1

9 Be2 (SiO4) (R 3̄) 6.95e-07 (-8.04e-06) 1

10 Co2V2O7 (P 21/c) 1.01e-06 (-1.18e-05) 1

NaCl 2

1 2 2

•

•

• (2.12) 0 > 1 X̃

A.

L

R
3/L conventional

cell primitive cell L

L L∗

primitive

Theorem 3 (Theorem 2 of Oishi-Tomiyasu (2013b)).

l∗1, l
∗
2, l

∗
1+2l∗2, 2l

∗
1+ l∗2 L∗ primitive

{l∗1, l∗2}
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Note that the lengths of the lattice vector l∗1, l
∗
2, l

∗
1 + 2l∗2, 2l

∗
1 + l∗2 satisfy:

3|l∗1|2 + |l∗1 + 2l∗2|2 = 3|l∗2|2 + |2l∗1 + l∗2|2. (A.1)

Theorem 2 Theorem 1 :

Theorem 4 (Theorem 3 of Oishi-Tomiyasu (2013b)).

m ml∗1 + (m 1)l∗2 L∗ primitive

{l∗1, l∗2} {l∗1, l∗2} L∗

ml∗1 + (m − 1)l∗2 (m: integer)

:

3|ml∗1 + (m− 1)l∗2|2 + |(m+ 2)l∗1 + (m+ 1)l∗2|2 = 3|(m+ 1)l∗1 +ml∗2|2 + |(m− 1)l∗1 + (m− 2)l∗2|2.(A.2)

Theorem 2 m (A.2) Figure 7

12:

Theorem 5 (Theorem 4 of Oishi-Tomiyasu (2013b)).

L∗ {l∗1, l∗2, l∗3} (Figure 9 ):

• ±l∗1 + l∗2 + l∗3

• i = 2, 3 , m ∈ Z ml∗1 + (m− 1)(−l∗1 + l∗i )
m ≥ 0 ml∗i + (m−

1)(l∗1 − l∗i )
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:
S1 Γ

On formulation of the energy of screw dislocations:
Γ-limit of the S1-valued discrete system

( )∗1

Masaaki Uesaka (The University of Tokyo)

As the energy model of the screw dislocation, We propse the discrete system
in which the points take values in S1. This model is naturally imagined
from the mathematical structure of the screw dislocation. We explain this
relationships between our energy model and the geometric description and
introduce the result for Γ-convergence of this discrete system.

1.

S1

Hooke

core

([1, 2, 6, 7])

( ) ( ) ( )

( )

([9])

S1

[9]

Γ

2.

[9]

( )

∗1 153-8914 3-8-1 e-mail: muesaka@ms.u-tokyo.ac.jp
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n Euclid E
n

z0 ∈ E γ ∈ S1 a > 0

Z ϕδ

�� E
ψa

�� S1

ϕδ(n) := an + δ and ψa(y) := exp(2π
√−1y/a)

ZE2\{z0} ϕ̂δ

�� EE2\{z0}
̂ψa

�� S1
E2\{z0}

S1
E2\{z0} σz0,γ ∈ Γ(E2 \ {z0}, S1

E2\{z0})

σz0,γ(z) :=

(
γ
z − z0
|z − z0| , z

)
, (z ∈ E

2 \ {z0})

ZE2\{z0},γ := ψ̂a

−1
(σz0,γ(E

2 \ {z0})) E \ {z0}

x3 3

A 2 Ap

A := {(n1a, n2a, n3a) ; n1, n2, n3 ∈ Z}
Ap := {(n1a, n2a) ; n1, n2 ∈ Z}

Ap A

⎛⎜⎝0

0

1

⎞⎟⎠ Ap E
2

ιδ : Ap → E
2 ιδ(n1a, n2a) := (n1a+ δ1, n2a+ δ2)

δ :=

(
δ1
δ2

)
Ap E

2

:

EAp

ι̂δ ��

��
̂ψa

��

EE2\{z0}

��
̂ψa

��

Ap
ιδ �� E2 \ {z0}

S1
Ap

ι̂δ ��

��

S1
E2\{z0}

��

ι̂δ ψ̂a ιδ ψa

z0 �∈ Ap S1
Ap

σ̌z0,γ ∈ Γ(Ap, S
1
Ap
)

σ̌z0,γ(1a, 2a) :=

(
γ
(1a+ 2a

√−1)− z∣∣(1a+ 2a
√−1)− z

∣∣ , (1a, 2a)
)
, (1a, 2a) ∈ Ap

Dz0 := ι̂δ

(
ψ̂a

−1
(σ̌z0,γ(Ap))

)
E

3
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3. S1

S1
Ap

σ̌z0,γ ∈
Γ(Ap, S

1
Ap
) ψ̂a

Ap S1

S1 Ap (1a, 2a)

(=Z )

A 2 Ap

S1 Ap 2

1 [0, 1]

N ∈ N ε := 1/N εZ := {εn|n ∈ Z}
S1 S1 =

{(
cos θ

sin θ

)∣∣∣∣∣θ ∈ R

}

S1 ι : R → S1 ι(θ) =

(
cos θ

sin θ

)
u : εZ → S1 uj := u(jε) = u(j/N)

fN : S1 → R
1

:

• fN fN(ι(0)) = 0

• fN ι(0) =

(
1

0

)
EN(u) :

EN(u) =
N∑
j=1

fN(ι(θj − θj−1)) (3.1)

θj ι(θj) = uj EN(u) θj

4. Γ

(3.1) N → ∞

Γ

1 X X Fj : X → R ∪ {∞} (j ∈ N) F∞ : X →
R ∪ {∞} Γ x ∈ X :

1 Γ
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1. (liminf inequality) x X (xj)

F∞(x) ≤ lim inf
j→∞

Fj(xj)

2. (recovery sequence ) x X (xj)

F∞(x) ≥ lim sup
j→∞

Fj(xj)

Γ [3] Γ

Γ

( [3] )

1 (Fj) X equi-mildly coercive2 j ∈ N xj Fj

(xj) precompact (xj)

F∞

(3.1) N → ∞ Γ

S1
R Γ

[4, 5] [4]

u : εZ → R uj := u(j/N) EN(u)

EN(u) =
N∑
j=1

fN(uj − uj−1) =:
N∑
j=1

εψN

(
uj − uj−1

ε

)
(4.1)

ψN :

ψN(z) :=

⎧⎪⎪⎨⎪⎪⎩
FN(z) z ∈ [T−

N , T+
N ]

NGN

(
z − T sign z

N

N

)
z �∈ [T−

N , T+
N ]

T±
N N → ∞ T±

N → ∞ T±
N /N → 0 T+

N > 0

T−
N < 0 FN GN ψN

T±
N ( [4] )

2 (Braides & Gelli [4]) FN GN EN

E L1(0, 1) in measure Γ :

E(u) =

{∫ 1

0
F (u′(x)) dx+

∑
t∈S(u) G([u](t)) u ∈ SBV (0, 1),

+∞ otherwise,

S(u) u jump set [u](t) t ∈ S(u) jump

F := Γ- limN F ∗∗
N G := Γ- limN sub−GN

3

2 (Fj) equi-mildly coercive K ⊂ X j ∈ N

inf
X

fj = inf
K

fj
3 F ∗∗

N FN lower semi-continuous envelope sub−GN GN subadditive envelope
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Γ

BV

5. S1 Γ

3 S1 Γ (3.1)

ψN : R → R

ψN(z) =

⎧⎨⎩NfN

(
ι
( z

N

))
z ∈ [−N/2, N/2],

+∞ otherwise.

(3.1) ψN

EN(u) =
N∑
j=1

εψN

(
θj − θj−1

ε

)
θj ι(θj) = uj θj − θj−1 ∈ [−1/2, 1/2]

ψN

• T±
N N → ∞ T±

N → ∞ T±
N /N → 0 T+

N > 0

T− < 0

•

ψN(z) :=

⎧⎪⎪⎨⎪⎪⎩
FN(z) z ∈ [T−

N , T+
N ],

NGN

(
z − T sign z

N

N

)
z �∈ [T−

N , T+
N ].

FN GN

• p > 1 z ∈ R FN(z) ≥ |z|p

• c > 0 z �= 0 Gn(z) ≥ c > 0

u : εZ → S1 [0, 1]

:

u(x) = uj if x ∈
[
j

N
,
j + 1

N

)
, j = 0, 1, . . . , N − 1.

3 (U.) F = Γ- limN F ∗∗
N G = Γ- limN sub−GN

EN L1(0, 1) E∞ Γ : u ∈ L1(0, 1)

ι ◦ θ = u θ ∈ SBV (0, 1)

E∞(u) =

∫ 1

0

F (u′(x)) dx+ inf

⎧⎨⎩∑
t∈S(θ)

G([θ](t))

∣∣∣∣∣∣ θ ∈ SBV (0, 1)

ι ◦ θ = u

⎫⎬⎭ (5.1)

E∞(u) = +∞
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E∞ (5.1) 2 R

S1 jump part u

θ θ ∈ SBV (0, 1)

ι ◦ θ
(
1

0

)
(5.1) 2 u

S1 Cartesian current

[8]

6.

S1

2 Ap

2
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格子上の多体電子系の厳密な構成
Rigorous construction of many-electron lattice systems

鹿島洋平 (東京大学大学院数理科学研究科)∗1

Yohei Kashima (The University of Tokyo)

概 要
本講演では正の温度下で格子上の多体電子系を有限次元グラスマン積分表
示を用いて厳密に構成する方法を説明する．その枠組みにおいてシングルス
ケール解析，マルチスケール解析により得られる結果をそれぞれ説明する．
時間の最後にマルチスケール解析（繰り込み群の方法）が機能し，系の自由
エネルギー密度の無限体積・絶対零度極限の解析性がしたがう具体例をいく
つか紹介する．

In this talk we explain how to construct many-electron lattice systems at
positive temperatures rigorously within the framework of finite-dimensional
Grassmann integration. We show some mathematical results obtained by
the single-scale analysis and the multi-scale analysis. In the end of the
talk we present some examples of many-electron models where the multi-
scale integration (renormalization group method) works to conclude the
analyticity of the infinite-volume, zero-temperature limit of the free energy
density of the system.

1. 本報告
本講演では，正の温度下で格子上を移動し，相互作用する電子たちからなる量子多体
系をグラスマン積分表示に基づいて解析する方法について平易に解説する．
多体電子系の模型は数学的にはフェルミオンフォック空間上の自己共役演算子とし

て定義される．d, Lを自然数とし，Γを周期境界条件を課した超立方格子とする．Γ :=

(Z/LZ)d. n個のフェルミ粒子の状態のヒルベルト空間は以下のように定義される．

L2
as((Γ× {↑, ↓})n)
:= {φ : (Γ× {↑, ↓})n → C | φ(Xπ(1), · · · , Xπ(n)) = sgn(π)φ(X1, · · · , Xn), (π ∈ Sn)}.

ここでSnはn文字の置換である．またL2
as((Γ× {↑, ↓})0) := C と決める．フェルミオ

ンフォック空間Ff (L
2(Γ× {↑, ↓}))はn粒子の状態のヒルベルト空間の直和である．

Ff (L
2(Γ× {↑, ↓})) :=

2Ld⊕
n=0

L2
as((Γ× {↑, ↓})n).

多体電子系のハミルトニアンを構成するのは生成・消滅演算子と呼ばれるフェルミオ
ンフォック空間上の作用素である．(x, σ) ∈ Γ × {↑, ↓}に対して，線型作用素 ψxσ :

L2
as((Γ× {↑, ↓})n+1) → L2

as((Γ× {↑, ↓})n) を以下のように定義する．

(ψxσφ)(X1, · · · , Xn) :=
√
n+ 1φ(xσ,X1, · · · , Xn).

∗1〒 153-8914 東京都目黒区駒場 3-8-1
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またψxσ|C := 0と決める．線型性によりψxσはFf (L
2(Γ× {↑, ↓}))上の作用素として定

義され，これを消滅演算子と呼ぶ．その共役作用素ψ∗
xσを生成演算子と呼ぶ．本講演

では多体電子系の典型的な模型であるハバード模型に焦点をしぼって話を進める．ハ
バード模型の自由な項は以下のように与えられる．

H0 := t
∑
x∈Γ

∑
σ∈{↑,↓}

d∑
j=1

(ψ∗
xσψx+ejσ + ψ∗

xσψx−ejσ).

ここで tは各電子の最近接格子点間の飛び移りによる系のエネルギーの変化の大きさを
決める実数のパラメターである．また ej (j = 1, · · · , d)はR

nの標準的な基底である．
相互作用項は以下で与えられる．

V := U
∑
x∈Γ

ψ∗
x↑ψ

∗
x↓ψx↓ψx↑.

ここでUは各格子点上における電子間のクーロン相互作用の大きさを決める実数のパ
ラメターで結合定数と呼ばれる．ハバード模型HはH := H0 + V と定義される．
フェルミオンフォック空間上のトレース演算を通して模型から導かれる熱力学的諸

量・相関関数を，有限次元グラスマン代数上のグラスマンガウシアン積分の連続極限
として表現することが本研究における基本補題となる．熱力学的物理量の一例として
自由エネルギー密度と相関関数の一例としてクーパー対相関関数の定義を挙げておく．
自由エネルギー密度は以下のように定義される．

Fβ,L(U) := − 1

βLd
log(Tr e−β(H−μN)).

ここでβは温度の逆数に比例する正の実数，μは化学ポテンシャル，Nは個数演算子と
呼ばれる作用素である．

N :=
∑
x∈Γ

∑
σ∈{↑,↓}

ψ∗
xσψxσ.

クーパー対相関関数は以下のように定義される．

Tr(e−β(H−μN)ψ∗
x↑ψ

∗
x↓ψy↓ψy↑)

Tr e−β(H−μN)
.

熱力学的諸量のグラスマン積分表示を導くためにここで一度フェルミオンフォック空
間上の作用素による具体的な表示を離れ，抽象的なグラスマン代数を導入する．分配
関数の摂動展開にあらわれる [0, β)上の多重積分をリーマン和に置き換えることにより
分配関数と有限次元グラスマン積分表示との関連付けが可能となる．人工的なパラメ
ターh ∈ 2

β
Nを取り，

[0, β)h :=

{
0,

1

h
,
2

h
, · · · , β − 1

h

}
とおく．これは区間 [0, β)の離散化である．なおhを 1

β
Nからではなく 2

β
Nから取ること

は技術的な理由による．[3, Appendix C]でこの条件の下で [0, β)h上のフーリエ解析が
なされ，その結果を用いるため続く論文（例えば [4]，[5]）でもこの条件をおいた．興
味があるのはh → ∞とした極限値であるからこの条件は本質的な制限にはならない．
さらに

I0 := Γ× {↑, ↓} × [0, β)h, I := I0 × {1,−1}
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とおく．Iはこれから導入するグラスマン代数の添え字集合である．Wを基底{ψX}X∈I
によって張られる複素線型空間とする．ここでψXはフェルミオン消滅演算子ではなく，
あくまで抽象的な元である．

∧n WをWのn階反対称テンソル積とし，

∧
W :=

�I⊕
n=0

n∧
W

とおく．
∧
Wを{ψX}X∈Iによって生成されるグラスマン代数とよぶ．なおフェルミ量

子場の理論に現れるグラスマン代数の基本的な性質を厳密にまとめた文献として [1]を
挙げる．ここで

∧
W 上の線型汎関数としてグラスマンガウシアン積分を定義しよう．

定義に必要となる共分散行列は自由な 2点相関関数と等しい．(x, σ, s), (y, τ, t) ∈ I0に
対して，

C(xσs,yτt) :=
1σ=τ

Ld

∑
k∈Γ∗

ei〈k,x−y〉e(s−t)E(k)

(
1s≥t

1 + eβE(k)
− 1s<t

1 + e−βE(k)

)
とおく．ここでΓ∗ := (2π

L
Z/2πZ)dであり，E(k) := 2t

∑d
j=1 cos kj − μである．Γ∗は運

動量変数が属する格子，E(k)は自由な分散関係である．Cを共分散行列とするグラス
マンガウシアン積分

∫ ·dμC(ψ) :
∧
W → Cを以下のように定義する．∫

ψX1
· · ·ψXm

ψYn · · ·ψY1dμC(ψ) :=

{
det(C(Xi, Yj))1≤i,j≤m if m = n,

0 else.

ただしψX := ψ(X,1), ψX := ψ(X,−1) (X ∈ I0)とした．グラスマン代数の反対称性と線
型性により

∫ ·dμC(ψ)は
∧
W上の線型汎関数として定義される．Wのかわりに直和の

空間W1 ⊕W2を考えることで，グラスマンガウシアン積分を
∧
(W1 ⊕W2)から

∧
W1

への線型写像として定義することができる．実際マルチスケール解析ではグラスマン
代数からグラスマン代数への線型写像としてのグラスマンガウシアン積分が重要であ
る．分配関数の相互作用項に関する摂動級数展開を時間変数に関して離散化し，それ
をグラスマンガウシアン積分に対応させ，分配関数への局所一様収束を証明したのが
[3]である．続く論文（例えば [4]，[5]）でも同様のグラスマン積分表示に基づいて解析
が進められている．その典型的な主張を以下に述べる．証明は [3]にある．

[補題] 任意の r > 0に対して，

lim
h→∞
h∈ 2

β
N

sup
U∈C

|U|≤r

∣∣∣∣∫ e−V (ψ)dμC(ψ)− Tr e−β(H−μN)

Tr e−β(H0−μN)

∣∣∣∣ = 0.

ここでV (ψ) := U
h

∑
x∈Γ,s∈[0,β)h ψx↑sψx↓sψx↓sψx↑s(∈

∧
W ).

グラスマンガウシアン積分の共分散行列は理論を解析的に正当化できるパラメター
領域を大きく左右する重要な対象であるが，カットオフの挿入などを行わずにそれを
直接的に評価してグラスマン積分表示の解析性を証明する方法をシングルスケール解
析と呼ぶ．結合定数が十分に小さいならば以下のようなテイラー展開が可能である．

log

(∫
e−V (ψ)dμC(ψ)

)
=

∞∑
n=1

1

n!

(
d

dz

)n

log

(∫
e−zV (ψ)dμC(ψ)

) ∣∣∣
z=0

.
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右辺の各次の項を評価することにより右辺の結合定数に関するL, hによらない領域で
の解析性が証明される．さらに各次の項はL, h → ∞として収束することが証明され
る．それらにより右辺（左辺の解析接続）の時間連続・無限体積極限の解析性が従う．
一方で左辺は実軸を含んだ細長い領域で解析的であるから，一致の定理により，左辺
の時間連続・無限体積極限の実解析性が従う．これがシングルスケール解析の内容であ
る．テイラー展開の各次の項を木に関する有限和として表現する公式が1980年代から
作られている．木公式の自己完結的な証明を載せている文献として [7]を挙げる．さら
に共分散行列の行列式の温度・体積によらない有界性が 2008年にPedraと Salmhofer

によって与えられ（[6])，シングルスケール解析の明示的な評価が可能となった．グラ
スマンガウシアン積分の対数のテイラー級数の各項の組み合わせ論的に最適な上界は
[3]で与えられている．[3]で与えられたのは相関関数のグラスマン積分表示に対する評
価であるが，以下の評価も [3]と同様の議論で導かれる．

[命題] ∣∣∣∣ 1

βLdn!

(
d

dz

)n

log

(∫
e−zV (ψ)dμC(ψ)

) ∣∣∣
z=0

∣∣∣∣
≤ 4n+2

(3n+ 1)(3n+ 2)

(
3n+ 2

n

)
Dn−1|U |n.

ここでD := 1
h

∑
x∈Γ,s∈[−β,β)h

|C(x↑s,0↑0)|，[−β, β)h := {−β,−β + 1
h
, · · · , β − 1

h
}.

以下の主張が従う．

[系] 関数U �→ limL→∞ Fβ,L(U)は区間 (−cβ−d−1, cβ−d−1)で実解析的である．ここで c

はd, tのみに依存する正定数である．

明示的な評価が可能なシングルスケール解析であるが，共分散行列が内包する特異
性を考慮せずに上界を求めることが原因となって，結合定数に関する解析性は温度に
関して冪乗のオーダーで収縮する原点の近傍でのみ保証される．これは低温では厳し
い制限である．近年理論の温度依存性を改良する目的でマルチスケール解析の方法が
開発されてきた．共分散行列の運動量空間における特異点（自由なフェルミ面と等し
い）を取り巻く殻上の台をもつカットオフ関数を挿入してシングルスケール展開を行
い，その結果を台のエネルギースケールに関する帰納法によりまとめ，カットオフを入
れない熱力学的諸量の解析性を証明することがマルチスケール解析の内容である．マ
ルチスケール解析は以下の式変形の反復により構成される．C = C1 + C2と分解され
るとして，

log

(∫
e−V (ψ)dμC(ψ)

)
= log

(∫
e−V (ψ)dμC1+C2(ψ)

)
= log

(∫ ∫
e−V (ψ+ψ1)dμC1(ψ

1)dμC2(ψ)

)
= log

(∫
eV

2(ψ)dμC2(ψ)

)
,

V 2(ψ) := log

(∫
e−V (ψ+ψ1)dμC1(ψ

1)

)
.

グラスマン代数上の変換として形式的には半群性を示すことからマルチスケール解析
を繰り込み群の方法とも呼ぶ．繰り込み群の方法により格子上の多体電子系の物理量
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は対数のオーダーで温度に依存する原点の近傍あるいは温度に依存しない原点の近傍
で結合定数に関して解析的であることが示される．時間の都合上本講演では繰り込み
群の方法の技術的な詳細には立ち入らないが，各スケールに依存した重み付きのノル
ム評価が重要となる調和解析的な構成が可能である．繰り込み群の方法により 2次元
以上の多体電子系で温度に依存しない領域での解析性を示した結果は [2]，[4]，[5]で報
告されている．
本講演ではさらに [2]，[4]，[5]の繰り込み群の枠組みの中で自由エネルギー密度の無

限体積・絶対零度極限
lim
β→∞

lim
L→∞

Fβ,L(U)

の解析性が示される例を平方格子に近い 2次元の格子上の模型に限っていくつか紹介
する．特にハミルトニアンの 2次の項に属するパラメター（ホッピングの有無，プラ
ケットを貫く磁束の符号，各格子点上の化学ポテンシャルの符号）が交互に入れ替わ
る例を挙げ，これらの場合はいずれも解析性が成り立つことを通して物質が弱い電子
間相互作用に有無に依らずに安定して存在するための条件について考える．時間の最
後に繰り込み群の方法が機能する具体例の構成について説明する．
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Algebraic descriptions of nature
(Gauss sum, quadratic reciprocity and optics, zeta

function and screw dislocations)

( )∗1

Shigeki Matsutani (National Institute of Technology, Sasebo College)

In this talk, I showed the fractional Talbort phenomena as a typical ex-
ample of algebraic descriptions of nature, in which the Gauss sum and the
quadratic reciprocity appear to describe the phenomena. The description
is very similar to the situation in which the zeta function appears in the
algebraic description of the screw dislocation. I gave comments on the
similarity.

1.
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� �
p, q s

(
p

s

)
:=

⎧⎨⎩
+1, n2 = p mod s

n ,

−1,

(1)

sj q = s1 · · · sn
(
p

q

)
:=(

p

s1

) (
p

s2

)
· · ·
(
p

sn

)
(
p

q

)(
q

p

)
= (−1)

p−1
2

q−1
2 (2)
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� �
q

q−1∑
n=0

e
2π

√
−1

q
n2

=

q−1∑
�=0

(
1 +

(
�

q

))
e

2π
√

−1
q

�

=

q−1∑
�=0

(
�

q

)
e

2π
√

−1
q

�

=

{ √
q (q = 1 mod 4),√−q (q = 3 mod 4).

(3)

� �
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(Winthrop-Worthington 1965, Talbot 1836)� �

1 a:

2 λ:

3 z :

4 ξ :=
x

a

5 zT :=
a2

λ
:

6 ζ :=
z

zT
=

zλ

a2

ζ ζ = p/q

p, q

� �
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Phases of Talbot patterns in angular selfimaging
Hugues Guillet de Chatellus, Eric Lacot, Olivier Hugon, Olivier Jacquin, Näıma Khebbache, and José Azaña (2015)
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� �
δ- ζ = 0

ψcomb(ξ, 0) =

∞∑
n=−∞

exp(2πiξn) =

∞∑
m=−∞

δ(ξ −m). (4)

(
ξ =

x

a
, ζ =

zλ

a2

)
(

∂2

∂x2
+

∂2

∂z2
+

(
2π

λ

)2
)
ψcomb = 0, (5)

ψcomb(ξ, ζ) =

∞∑
n=−∞

η(ζ) exp(2πiξn), (η(0) = 1) (6)
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Berry-Klein 1996� �(
ξ =

x

a
, ζ =

zλ

a2

)
(

∂2

∂x2
+

∂2

∂z2
+

(
2π

λ

)2
)
ψcomb = 0. (7)

ψcomb(ξ, ζ) =

∞∑
n=−∞

η(ζ) exp(2πiξn), (η(0) = 1), (8)

ψcomb(ξ, ζ) =

∞∑
n=−∞

exp(2πiξn) exp

⎛⎝2πiζ
( a
λ

)2 [
1−
(
nλ

a

)2
]1/2⎞⎠ .

(9)
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� �

ψcomb(ξ, ζ) =

∞∑
n=−∞

exp(2πiξn) exp

⎛⎝2πiζ
( a
λ

)2 [
1−
(
nλ

a

)2
]1/2⎞⎠ .

[
1−
(
nλ

a

)2
]1/2

≈
[
1− 1

2

(
nλ

a

)2
]

� �
ψcomb(ξ, ζ) ≈

∞∑
n=−∞

exp(2πiξn) exp

(
2πiζ

( a
λ

)2 [
1− 1

2

(
nλ

a

)2
])

.
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� �

ψcomb(ξ, ζ) =
√
qeikz

∞∑
n=−∞

A(n; q, p)δ(ξ − 1

2
eqp − n

q
), (10)

ζ = p/q, k = 2π/λ,

eqp :=

{
1, if qp odd,

0, if qp even,
(11)

A(n; q, p) =
1√
q

q−1∑
s=0

exp
(
iπ
[
(2n + qeqp) s − ps2

]
/q
)
. (12)
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Phases of Talbot patterns in angular selfimaging
Hugues Guillet de Chatellus, Eric Lacot, Olivier Hugon, Olivier Jacquin, Näıma Khebbache, and José Azaña (2015)
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Berry-Klein 1996� �
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(O-M 2003)� �

A(n; q, p) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
p

q

)
exp

⎛⎝iπ

⎡⎣1
4
(q − 1) +

p

q

([
1

p

]
q

)2

n2

⎤⎦⎞⎠ ,

p even, q odd,(
q

p

)
exp

⎛⎝−iπ

⎡⎣1
4
p − p

q

([
1

p

]
q

)2

n2

⎤⎦⎞⎠ ,

p odd, q even,(
p

q

)
exp

⎛⎝iπ

⎡⎣1
4
(q − 1) +

2p

q

[
1

2

]
q

([
1

2p

]
q

)2

(2n + q)2

⎤⎦⎞⎠ ,

p odd, q odd.

(13)
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SL(2,Z)� �[
1

p

]
q

0 <

[
1

p

]
q

< q, p

[
1

p

]
q

≡ 1 mod q, (14)

p

[
1

p

]
q

+ q

[
1

q

]
p

≡ 1 mod qp

� �
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(Winthrop-Worthington)� �
δ Fresnel ψcomb (ξ, ζ)

ψ̃comb(ξ, ζ) =

∫
a dξ′√

(ξ − ξ′)2a2 + z2
exp

(
2πi

λ

√
(ξ − ξ′)2a2 + z2

)
ψcomb(ξ

′, 0) (cos θ + 1) ,

cos θ = z/
√

(ξ − ξ′)2a2 + z2. O(λ/
√
(ξ − ξ′)2a2 + z2)

Helmholtz

(Winthrop-Worthington 1965)

� �
� �

1

2
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1

λ

√
(ξ + n)2a2 + z2, (15)

1

λ
z +

1

2
n2

1

ζ
+

ξ

ζ
n +

1

2

ξ2

ζ
. (16)

� �
(Winthrop-Worthington)� �

ψ̃comb(ξ, ζ) ≈ i−1/2eikz
∞∑

n=−∞
exp(2πiz/λ) exp

(
πi

(
2ξn

ζ
+

n2

ζ
+

ξ2

ζ

))
,

(17)
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(Onishi-M 2003)� �

ψ̃comb = i−1/2√p

∞∑
n=−∞

Ã(n; q, p)δ(ξ − 1

2
eqp − n

q
), (18)

Ã(n; q, p)

:=
1√
p

q−1∑
s=0

exp

(
iπ
[
(2n + qeqp) s + qs2

]
/p + (2n + qeqp)

2 /4pq
)
.

(19)
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� �

Ã(n; q, p) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
p

q

)
exp

⎛⎝iπ

⎡⎣1
4
q −

⎛⎝q

p

([
1

q

]
p

)2

− 1

qp

⎞⎠ n2

⎤⎦⎞⎠ ,

p even, q odd,(
q

p

)
exp

⎛⎝−iπ

⎡⎣1
4
(p − 1) +

⎛⎝q

p

([
1

q

]
p

)2

− 1

qp

⎞⎠ n2

⎤⎦⎞⎠ ,

p odd, q even,(
q

p

)
exp

(
−iπ

[
1

4
(p − 1) +

(
2q

p

[
1

2

]
p

[
1

2q

]
p

− 1

4qp

)
(2n + q)2

])
,

p odd, q odd.
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(O-M 2003)� �
p even, q odd

√
i Ã(n; q, p) A(n; q, p)

,

A(n; q, p) =

(
p

q

)
exp

⎛⎝iπ

⎡⎣1
4
(q − 1) +

p

q

([
1

p

]
q

)2

n2

⎤⎦⎞⎠ ,

Ã(n; q, p) =

(
p

q

)
exp

⎛⎝iπ

⎡⎣1
4
q −

⎛⎝q

p

([
1

q

]
p

)2

− 1

qp

⎞⎠ n2

⎤⎦⎞⎠ ,
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(O-M 2003)� �
p odd, q even

√
i Ã(n; q, p) A(n; q, p)

A(n; q, p) =

(
q

p

)
exp

⎛⎝−iπ

⎡⎣1
4
p − p

q

([
1

p

]
q

)2

n2

⎤⎦⎞⎠ ,

Ã(n; q, p) =

(
q

p

)
exp

⎛⎝−iπ

⎡⎣1
4
(p − 1) +

⎛⎝q

p

([
1

q

]
p

)2

− 1

qp

⎞⎠ n2

⎤⎦⎞⎠ ,
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p odd, q odd:

√
i Ã(n; q, p) A(n; q, p) p q

A(n; q, p) =(
p

q

)
exp

⎛⎝iπ

⎡⎣1
4
(q − 1) +

2p

q

[
1

2

]
q

([
1

2p

]
q

)2

(2n + q)2

⎤⎦⎞⎠ ,

Ã(n; q, p) =(
q

p

)
exp

(
−iπ

[
1

4
(p − 1) +

(
2q

p

[
1

2

]
p

[
1

2q

]
p

− 1

4qp

)
(2n + q)2

])
,

� �

( ) 2016/09/02 22 / 54

－130－



(O-M 2003)� �

i.e.,
√
i Ã(n; q, p) = A(n; q, p)

p,q

� �

(
p

q

)(
q

p

)
= (−1)

p−1
2

q−1
2 (20)
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∑
k

f̂ (k) =
∑
n

f (n)
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� �
A = α, B = βA+1, C = γB +A,

[α] := A, [α, β] := B , [α, β, γ] := C

[α1, . . ., αn]=[α1, . . ., αn−1]αn + [α1,. . ., αn−2]

(1800) 27� �

� �� �( ) 2016/09/02 27 / 54

2 2� �

p

q
=

1

α1+

1

α2+
· · · 1

αn

p = [αn, · · · , α2], q = [αn, · · · , α1]

� �
2 2� �

Z[
√
p]

e.g., ω =
1 +

√
5

2
, ω =

1

1 + ω
ω =

1

1+

1

1+

1

1 + · · ·
� �
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p = nu, t P(
x ′

p′

)
=

(
1 t

0 1

)(
x

p

)
=

(
x + tp

p

)
,(

x ′

p′

)
=

(
1 0

−P 1

)(
x

p

)
=

(
x

p − Px

)
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� �

SL(2,R) =
〈
Tt :=

(
1 t

0 1

)
,QP :=

(
1 0

−P 1

)〉
t,P∈R

p = nu, t P
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b b0(

b∗

b
∗

)
= O

(
b0
b0

)
, O :=

(
g h

k �

)
∈ SL(2,R)
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� �(
b∗

b
∗

)
= O

(
b0
b0

)
, O :=

(
g h

k �

)
∈ SL(2,R)

Dioptrische Untersuchungen 1840� �
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� �
1 PSL(2,Z) z =

q
p(

q′

p′

)
=

(
1 t

0 1

)(
x

p

)
=

(
q + tp

p

)
z �→ z + t,(

q′

p′

)
=

(
0 −1

1 0

)(
q

p

)
=

(−p

q

)
z �→ −1/z

SL(2,Z) =
〈
Tt :=

(
1 t

0 1

)
, S :=

(
0 −1

1 0

)〉
t∈Z

2 2 2

3 SL(2, R)
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Weil Weil(1964)� �
1

2

3

4

� �
Weil (M-2008)� �

Weil[
d

dx
, x

]
= 1

pq′ − p′q = 1
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1 :

2 DNA

3 Dirac

4 3

5

6
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8
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R := C[α, β, α−1, β−1] −→ R/(β)
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(x n

zn(x) := a
x − δ

|x − δ| log |x − δ|+ n, n ∈ Z

� �
2� �
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� � 1, δ ∈ (0, 1)√

a2 +

(
a+ αa

�− δ

|�− δ| log |�− δ| − αa
�+ 1− δ

|�+ 1− δ| log |�+ 1− δ|
)2

∼ a

√
2 + 2αa log

|�+ 1− δ|
|�− δ| ∼ a

√
2 + 2αa

1

�− δ
∼

√
2a+

1√
2
αa

1

�− δ

√
2a δ� = a

1√
2

α

�− δ

� �
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� �
√
2a δ� = a

1√
2

α

�− δ
AD := {� ∈ Z | |�| > D}

ΔE ≈ 1

2

∑
�∈AD⊂Z

κ′δ2� =
1

2

∑
�∈AD⊂Z

κ
1

(�− δ)2
=

1

2
κζδ,D(2)

ζδ,D(s) :=
∑

�∈AD⊂Z

1

(�− δ)s
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ζδ,0(s) = Bsζδ,0(1− s)
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� �
(δ ∈ E)

E
ψ �� S1

0 �� Z
ι ��

ϕδ

		

R

ι̃δ

��

exp 2π
√−1 �� U(1)

ιδ

��

�� 1,

ι̃δ : R → E (x �→ d · x + δ, x ∈ R, )ϕδ : n → d · n + δ

ιδ : U(1) → S1
(
exp(

√−1θ) �→ exp
√−1(θ + 2πδ/d), θ ∈ R

)
,

E δ modulo a
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M := {ϕδ|δ ∈ E mod a}

TδM
ψ S1

E
Γ(E, S1

E
) Z ϕ−1

δ S1
E

Z S1 G =
∏

Z
U(1)

TδM

G−1dG |G=e =
⊕
�∈Z

R ≈ TδM
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� �
Z ε = (v�)�∈Z (v� 
 a)

E =
1

2
k

∫
Z

G−1
ε dGε ∗ (G−1

ε dGε) =
∑
�∈Z

1

2
kv2�

2

ϕδ Gε (x�)�∈Z

v� = x� − x�−1 − a

E =
1

2

∑
�∈Z

k(x� − x�−1 − a)2 =
1

2

∑
�∈Z

k(x� − x�−1)
2
+
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2 Z
2

TδM

TδM ≈
⊕
�∈Z2

R
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ζδ,A(s) = Bsζδ,A(1− s)� �
1

2

(?)
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II� �
BCC Burgers SC (111))
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Burgers

!

Epstein zeta 2000
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II� �
(incommensurate struc-

ture)
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