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Preface

This workshop, held at the Nishijin Plaza of Kyushu University on December 3–5, 2014, was

intended as a forum for discussions about formal methods, software verification, formalization of

mathematics and formal verification of mathematical proofs. Participants included both researchers

studying mathematics, logic, programming languages and software engineering, and engineers de-

veloping software. The total number of participants was around 80, and they listened to 22 talks and

lectures.

Five special lectures were given. Adam Chlipala (MIT, USA) talked about program verification,

and Cyril Cohen (INRIA, France) about a mathematical library for formalized mathematics. From

the industry, Taro Kurita (Sony Corp., Japan) talked about development of firmware using formal

methods, and Yoshihiro Imai (IT Plannig Inc., Japan) about program verification for digital terrestrial

broadcasting. Finally Prof. Kazushi Ahara (Meiji Univ., Japan) gave a lecture about mathematical

software for elementary geometry and its proof system. We shared our experiences about the present

uses of formal proofs and theorem provers in each field. We also discussed ideas for future research

to develop reliable software.

TPPmark2014 allowed us to compar proofs of the same theorem using several different proof

assistant systems, emphasizing the different features and approaches. The problem was one of ele-

mentary mathematics, which has been used for the entrance examination fof Kyushu University. 15

proofs were submitted using 7 kinds of proof assistant systems. The discussions were much enjoyed.

Recently, proof assistant systems are used not only for program verification, but also to verify

formal mathematical proofs, which are hard to verify by humans alone. Formalization of mathemat-

ics is becoming more and more important for the verification of programs relying on mathematics.

We hope that this will lead to progress in research on mathematics, computer science and software

engineering, using formal proofs and proof assistant systems.

This year TPP (Theorem Proving and Provers Meeting) was held in Kyushu University this year.

This was the tenth edition, and we wish to thank the organizers and participants of previous TPP

workshops, held in the following locations:

JAIST(2005,2006), Tsukuba Univ.(2007), Tohoku Univ.(2008), Kwansei Gakuin Univ.(2009),

Nagoya Univ.(2010), AIST(2011), Chiba Univ.(2012), Shinshu Univ.(2013).

You can find link to those from the TPP2014 homepage 3. The problem and answers of the

TPPmark2014 are available from a repository 4.

March, 2015.

Yoshihiro Mizoguchi (Kyushu University)

Jacques Garrigue (Nagoya University)

Manabu Hagiwara (Chiba University)

Reynald Affeldt (AIST)
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ま
と
め

現
在
ま
で
の
成
果
：
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et
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e 
Al
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t-F
ul
l A
dv
en
tu
re
s 
in
 c
on
st
ru
ct
iv
e 
te
rm
in
at
io
n,
 2
01
0

今
後
の
課
題
：

（
こ
れ
に
関
し
て
は
W
Q
O
,A
lm
os
t-f
ul
lが
利
用
で
き
そ
う
[D
im
10
]）

ペ
ト
リ
ネ
ッ
ト
の
形
式
化

状
態
遷
移
の
形
式
化

KM
加
速
の
定
義
の
形
式
化

被
覆
性
の
片
方
（
被
覆
さ
れ
る
方
）
の
形
式
化

深
刻
な
思
い
違
い
が
無
け
れ
ば
、
後
一
歩
。

被
覆
性
の
も
う
片
方

停
止
性
の
証
明

KM
加
速
の
形
式
化

1s
te
pの
KM
加
速
が
で
き
た

複
数
st
ep
も

K
M
_
f
u
n
 
:
=
 
o
f
o
l
d
m
 
K
M
_
s
t
e
p

こ
れ
も
op
tio
nを
返
す
の
で

KM
加
速
の
形
式
化

履
歴
付
き
の
マ
ー
キ
ン
グ
か
ら
履
歴
付
き
の
マ
ー
キ
ン
グ
を
求
め
る
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,0
,1
,0
>

<1
,2
,2
,0
>

<1
,3
,1
,3
>

<1
,3
,1
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>

<1
,2
,1
,3
>

<2
,0
,1
,2
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発
火

K
M
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s
t
e
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(
m
w
s
,
m
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S
o
m
e
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m
w
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,
 
m
w
’
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加
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M
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n
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m
w
s
 
m
w
)
)
 

 
 
 
 
 
 
 
 
e
l
s
e
 
N
o
n
e
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条
件
を
満
た
す
プ
レ
ー
ス
を
ω
に

KM
加
速
の
形
式
化
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,0
,1
,0
>

<1
,2
,2
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>
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>
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>
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M
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t
 
=
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o
m
e
 
(
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’
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w
’
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m
w
s

t
m
w

履
歴
付
き
の
マ
ー
キ
ン
グ
か
ら
履
歴
付
き
の
マ
ー
キ
ン
グ
を
求
め
る

K
M
_
s
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e
p
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w
s
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m
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Towards Verification of Program Generation

Sosuke Moriguchi
Kwansei Gakuin University

1 Introduction

A verification system should enable us to write conditions (specifications) rather than their
results. We have several verification systems such as Frama-C[4], VST[1], and proof-assistants
such as Coq, Isabelle, Agda, and so on. These systems are huge and hard to extend them
drastically.

When we verify a program generating other programs, we would write conditions about the
generated program. However, generated programs are just data in the generating program,
thus we cannot describe how they behave. In this paper, we call verification of generated
programs through the generating program verification of program generation. To support
verification of program generation, we have to extend the verification system.

In this paper, we show an idea of extensions for verification systems to support verifying
programs generating other programs. In the extensions, we add two functions of the systems:

• Define data types for syntax of languages the systems support. In the systems, we
make translators from such data to programs.

• Extend definitions of conditions to describe verification of another program.

Hereafter, we explain these functions and a prototype system for the extensions.

2 Verification of Program Generation

In program generations, we have two levels of programs: base programs, which generates other
programs based on parameters, and meta programs, which is generated by base programs. In
base programs, meta programs are just data describing programs. This means that when we
check behaviors of the programs, we have to define new semantics for meta programs, even
if the intended language of meta programs is the same as the language of base programs.

To reuse the semantics of the language of the base programs, we make translators from
meta programs to base programs. The translators can be defined as functions or relations.

The behaviors of meta programs are just the same as verification, thus conditions of
base programs should accept verification. In many verification systems, we cannot describe
verification in conditions, so the method requires extensions of definitions of conditions.
These two extensions, translators and definitions of conditions, may be not difficult to add
existing systems. In this research, we make the difficulties of extensions clear.

1
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Program generation includes compilers since compilers generate programs from inputs.
However, in many cases such as CompCert verified compilers[2], semantics for compilers and
generated programs are based on separated semantics. We use Coq for the compilers (shallow
embedded), but deep embedded syntax (and semantics on it) for generated programs (C or
assembly codes). From this reason, the method introduced in this paper is used for existing
compilers such as gcc and clang, but not for CompCert compilers.

3 Prototype system

To assure the extension is realizable, we implement a prototype verification system for re-
stricted procedural language with Hoare logic. The prototype system is written in Coq proof
assistant[3]. You can get source codes of the system from
https://github.com/chiguri/MetaCert.

Conditions in the system are in Prop, Coq’s proposition type. We can describe verification
in conditions directly since verification predicate is also in Prop. Translations from meta
programs to base programs are described by predicates.

The prototype system is still under-developed, but we have an instance of the extension
method. This shows the method is realizable.

4 Concluding remarks

We proposed a novel kind of extensions of verification systems to support a program gen-
erating another program. Currently, we only show the method is realizable at least some
verification systems. Extending some existing verification systems such as VST with the
method is a future work.
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Gordon Stewart, Sandrine Blazy, and Xavier Leroy. Program Logics for Certified Com-
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可
変
長
情
報
源
符
号
化
逆
定
理

情
報
源
符
号
化
に
つ
い
て

情
報
源
符
号
化
と
は
デ
ー
タ
圧
縮
の
こ
と
．

可
変
長
情
報
源
符
号
化
の
モ
デ
ル

情
報
源
が
無
記
憶
な
分
布
に
な
っ
て
る
．

例
：

あ
る
程
度
長
い
系
列
：

背
景

の
定
理

「
」

に
お
け
る
， の
定
理
一
覧

背
景

背
景 情
報
理
論
の
形
式
化
の
意
義

曖
昧
な
表
現
の
存
在

を
十
分
大
き
く
す
る
と

近
年
の
情
報
理
論
は
証
明
の
大
規
模
化

現
代
符
号
理
論
，
シ
ャ
ノ
ン
理
論
．

に
よ
る
形
式
化

四
色
定
理
（

，
）

の
定
理
（

，
）

の
定
理
（

，
）

に
よ
る

可
変
長
情
報
源
符
号
化
逆
定
理
の
形
式
化

小
尾
　
良
介

萩
原
学
（
千
葉
大
学
）

山
本
光
晴
（
千
葉
大
学
）

千
葉
大
学
理
学
研
究
科
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可
変
長
情
報
源
符
号
化
逆
定
理

可
変
長
情
報
源
符
号
化
逆
定
理

任
意
の
一
意
復
号
可
能
な
符
号

の
平
均
符
号
長
は
，

を
満
足
す
る
．

正
整
数
を
取
る
確
率
変
数

に
従
う
分
布
を

，
ビ
ッ
ト
列

を
取
る
確
率
変
数

に
従
う
分
布
を

と
す
る
．

可
変
長
情
報
源
符
号
化
逆
定
理

正
整
数
を
取
る
確
率
変
数
の
エ
ン
ト
ロ
ピ
ー
の
上
界

正
整
数
を
取
る
確
率
変
数

に
つ
い
て
，

証
明

確
率
変
数

に
従
う
確
率
分
布
を

，
と
す
る
．

こ
の
と
き
，
対
数
和
不
等
式
よ
り
，

の
定
義
の
展
開
，
及
び
，

が
成
り
立
つ
こ
と
か
ら
，

任
意
の
無
限
和
が
収
束
す
る
非
負
数
列

及
び

に
つ
い
て
，

が
成
り
立
つ
．

可
変
長
情
報
源
符
号
化
逆
定
理

個
の
確
率
変
数
（
そ
れ
ぞ
れ
が
分
布

に
従
う
）

分
布

の
エ
ン
ト
ロ
ピ
ー

ビ
ッ
ト
列

の
長
さ

可
変
長
情
報
源
符
号
化
逆
定
理

任
意
の
一
意
復
号
可
能
な
符
号

の
平
均
符
号
長
は
，

を
満
足
す
る
．

一
意
復
号
可
能
で
あ
る

に
よ
る
像
の
長
さ
の
平
均
は
，

ビ
ッ
ト
よ
り
小
さ
く
で
き

な
い
．

な
ら
ば
，
圧
縮
後
の
長
さ
の
平
均
を

ビ
ッ
ト
よ
り
小
さ
く
で
き
な
い
．

可
変
長
情
報
源
符
号
化
逆
定
理

情
報
源
符
号
化
に
つ
い
て

一
意
復
号
可
能
な
符
号

例
：

一
意
復
号
可
能
な
符
号

符
号
化
写
像

が
一
意
復
号
可
能
な
符
号
で
あ
る
と
は
，
の
拡
張

が
単
射
で
あ
る
こ
と
で
あ
る
．
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極
限
の
扱
い

総
和
の
扱
い

情
報
理
論
で
は
，
総
和
が
頻
出
す
る
．

例
有
限
集
合

上
の
分
布

の
満
た
す
性
質
：

分
布
の
エ
ン
ト
ロ
ピ
ー
：

有
限
和
で
あ
れ
ば
，

で
は

関
数
を
用
い
て
，
総
和
を
記
述
で
き
る
．

紙
上

：
有
限
順
序
数

可
変
長
情
報
源
符
号
化
逆
定
理

符
号
化
写
像
の
型
（

）

平
均
符
号
長
（

）
の
定
義

（
可
変
長
情
報
源
符
号
化
逆
定
理
）

任
意
の
一
意
復
号
可
能
な
符
号

の
平
均
符
号
長
は
，

を
満
た
す
．

可
変
長
情
報
源
符
号
化
逆
定
理

符
号
化
写
像

を
に
拡
張
す
る
．

を
先
の
不
等
式
に
適
用
す
る
，

の
定
義
よ
り

両
辺
を

で
割
る

可
変
長
情
報
源
符
号
化
逆
定
理

性
質
；
エ
ン
ト
ロ
ピ
ー
の
上
界
，
及
び
，
補
題
よ
り
，

の
と
き
，

エ
ン
ト
ロ
ピ
ー
の
上
界
よ
り
，
直
ち
に
題
意
が
満
た
さ
れ
る
．

の
と
き
，

よ
り
，

よ
り
，
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極
限
の
扱
い

論
法

無
限
和
を
避
け
る
こ
と
は
で
き
た
が
，
証
明
の
最
後
の

は
極
限
を
取
ら
ざ
る
を
得
な
い
．

で
は
，

論
法
を
扱
う
た
め
の
定
理
が
あ
る
：

こ
こ
で
，
任
意
に
取
れ
る

を
以
下
の
値
に
定
め
た
：

極
限
の
扱
い

総
和
の
扱
い

と
す
る
．

な
ら
ば

な
の
で

に
置
き
換
え
る
こ
と
で
，

関
数
が
使
え
る
：

極
限
の
扱
い

総
和
の
扱
い

に
従
う
分
布
を

．

だ
が
，
無
限
ま
で
和
を
取
る
必
要
が
な
い
．

極
限
の
扱
い

総
和
の
扱
い

テ
キ
ス
ト
の
証
明
で
は
無
限
和
を
扱
う
．

例
： は
計
算
可
能
な
関
数
し
か
書
け
な
い
．

無
限
和
は
，

関
数
だ
け
で
は
書
け
な
い
の
で
，
述
語
を
使
う
．

も
し
無
限
和
を
扱
う
と
，
述
語
原
因
で
，
式
が
煩
雑
に

例
：

，
が

で

無
限
和
を
避
け
た
い
の
で
，
証
明
を
工
夫
．
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お
わ
り
に

ま
と
め 本
研
究
に
て
形
式
化
し
た
定
理
：

可
変
長
情
報
源
符
号
化
逆
定
理

一
意
復
号
可
能
な
符
号
の
性
質
，

符
号
化
写
像

が
一
意
復
号
可
能
な
ら
ば

は
単
射
．

の
拡
張
も
一
意
復
号
可
能

今
後
の
研
究
題
目
：

別
証
明
で
の
，
可
変
長
情
報
源
符
号
化
定
理
の
形
式
化

お
わ
り
に

植
松
友
彦
，
植
松
友
彦
，
現
代
シ
ャ
ノ
ン
理
論
タ
イ
プ
に
よ
る
情
報
理
論
，
培
風
館
，
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b
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.
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=

λ
y
.
(
y
y
)
is
n
ot

co
rr
ec
t.

y
w
as

a
fr
ee

va
ri
ab
le
b
ef
or
e
su
b
st
it
u
ti
on
,
b
u
t
it
b
ec
om

es
a
b
ou
n
d
va
ri
ab
le
af
te
r

su
sb
st
it
u
ti
on
.

T
h
e
pr
ob
le
m

is
so
lv
ed

by
re
n
am

in
g
y
in

M
to

a
fr
es
h
va
ra
ib
le

z
.

T
h
en
,
[x

:=
y
]λ
z
.
(
x
z
)
=

λ
z
.
(
y
z
)
.

W
e
re
p
la
ce
d
M

=
λ
y
.
(
x
y
)
by

M

=

λ
z
.
(
x
z
)
w
h
ic
h
is

ob
ta
in
ed

by
re
n
am

in
g.

S
u
ch

a
p
ai
r
M

an
d
M


ar
e
ca
lle
d

α
-e
q
u
iv
al
en
t.

λ
β
-c
a
lc
u
lu
s

(
λ
x
.
M

N
)
→

β
[x

:=
N

]M
β

M
→

β
M



(
M

N
)
→

β
(
M


N

)
L

N
→

β
N



(
M

N
)
→

β
(
M

N
 )
R

M
→

β
N

λ
x
.
M

→
β
λ
x
.
N

ξ

M
→

β
M
R
fl

M
→

β
N

N
→

β
P

M
→

β
P

T
rn

T
h
e
β
-r
u
le
ca
p
tu
re
s
th
e
in
fo
rm

al
n
ot
io
n
of

fu
n
ct
io
n
ap
p
lic
at
io
n
.

R
aw

λ
-t
er
m
s

D
efi
n
it
io
n
of

ra
w
la
m
b
d
a-
te
rm

s.

Λ


M
,
N

,
P

::
=

x
|(

M
N

)
|λ

x
.
M

(
M

N
)
st
an
d
s
fo
r
th
e
ap
p
lic
at
io
n
of

(f
u
n
ct
io
n
)
M

to
N
.

W
e
w
ri
te

[x
:=

N
]M

fo
r
th
e
re
su
lt
of
su
b
si
tt
u
ti
n
g
N

fo
r
x
in

M
.

A
N
a
m
e-
F
re
e
L
a
m
b
d
a
C
a
lc
u
lu
s

M
as
ah
ik
o
S
at
o

G
ra
d
u
a
te

S
ch

o
o
l
o
f
In
fo
rm

a
ti
cs
,
K
yo
to

U
n
iv
er
si
ty

(J
oi
n
t
w
or
k
w
it
h
R
an
d
y
P
ol
la
ck

an
d
T
ak
af
u
m
i
S
ak
u
ra
i)

T
P
P
20
14

K
yu
sh
u
U
n
iv
er
sr
it
y

D
ec
em

b
er

3,
20
14

24



P
ro
b
le
m
s
w
it
h
ra
w

λ
-t
er
m
s
(c
o
n
t.
)

A
ll
of

th
se

pr
ob
le
m
s
b
oi
l
d
ow

n
to

th
e
fo
llo
w
in
g
pr
ob
le
m
.

1
T
h
e
ra
w

λ
-t
er
m
s
λ
x
.
x
an
d
λ
y
.
y
ar
e
tw
o
d
is
ti
n
ct

ra
w

λ
-t
er
m
s
(s
in
ce

th
ey

ar
e
sy
n
ta
ct
ic
al
ly
d
iff
er
en
t)
.

2
H
ow

ev
er
,
w
e
so
m
eh
ow

w
is
h
to

id
en
ti
fy
th
em

.
A
n
d
w
e
d
o
th
is

by
q
u
ot
ie
n
ti
n
g
Λ

by
th
e
α
-e
q
u
iv
al
en
ce

re
la
ti
on
.

M
y
ai
m

in
th
is
ta
lk
is
to

so
lv
e
th
is
pr
b
le
m

w
it
h
ou
t
u
si
n
g
th
e

n
ot
io
n
s
of

su
b
st
it
u
ti
on

or
eq
u
iv
al
en
ce

re
la
ti
on
.

P
ro
b
le
m
s
w
it
h
ra
w

λ
-t
er
m
s
(c
o
n
t.
)

A
fo
u
rt
h
pr
ob
le
m

th
at

th
e
n
ot
io
n
of

im
m
ed
ia
te

su
b
te
rm

b
ec
om

es
ob
sc
u
re

on
ra
w

λ
-t
er
m
s.

F
or

ex
am

p
le
w
h
at

is
th
e
im
m
ed
ia
te

su
b
te
rm

of

λ
x
.
λ
y
.
(
x
y
)
?

O
n
e
m
ay

sa
y
th
e
an
sw
er

is
λ
y
.
(
x
y
)
(w
it
h
x
fr
ee
).

B
u
t,
th
en

w
h
at

ab
ou
t

λ
y
.
λ
x
.
(
y
x
)
?

Y
ou
r
an
sw
er

sh
ou
ld
b
e
λ
x
.
(
y
x
)
(w
it
h
y
fr
ee
).

S
in
ce

in
it
ia
l
tw
o
te
rm

s
ar
e
α
-e
q
u
iv
al
en
t,
th
e
an
sw
er
s
m
u
st
al
so

b
e

α
-e
q
u
iv
al
en
t.
B
u
t,
th
is
is
n
ot

th
e
ca
se

h
er
e.

P
ro
b
le
m
s
w
it
h
ra
w

λ
-t
er
m
s
(c
o
n
t.
)

A
th
ir
d
pr
ob
le
m

w
it
h
ra
w

λ
-t
er
m
s
is
th
at

on
e
ca
n
n
ot

d
ev
el
op

th
e

λ
-c
al
cu
lu
s
on

th
e
st
ru
ct
u
re

of
ra
w

λ
-t
er
m
s.

O
n
e
h
as

to
d
efi
n
e
λ
-t
er
m
s
by

q
u
ot
ia
ti
n
g
ra
w

λ
-t
er
m
s
by

th
e

α
-e
q
u
iv
al
en
ce

re
la
ti
on
.

T
h
u
s,
w
e
h
av
e
th
e
se
t
of

λ
-t
er
m
s

[Λ
]
:=

Λ
/
≡

α

an
d
th
is
fo
rc
es

u
s
to

al
w
ay
s
d
ea
l
w
it
h
tw
o
ki
n
d
s
of

te
rm

s,
n
am

el
y,

ra
w

λ
-t
er
m
s
an
d
λ
-t
er
m
s.

T
h
is
m
ig
h
t
b
e
O
K
in
in
fo
rm

al
m
at
h
em

at
ic
s,
b
u
t
it
b
ec
om

es
a
ve
ry

su
b
tl
e
is
su
e
w
h
en

on
e
w
or
ks

in
a
pr
o
of

as
si
st
an
t
(w
h
ic
h
is
a

co
m
p
u
te
r
pr
og
ra
m

to
su
p
p
or
t
fo
rm

al
m
at
h
em

at
ic
al
re
as
on
in
g)
.

P
ro
b
le
m
s
w
it
h
ra
w

λ
-t
er
m
s
(c
o
n
t.
)

A
se
co
n
d
pr
ob
le
m

w
it
h
ra
w

λ
-t
er
m
s
is
th
is
:

Λ


M
,
N

,
P

::
=

x
|(

M
N

)
|λ

x
.
M

In
th
is
d
efi
n
ti
on
,
in
or
d
er

to
ge
n
er
at
e
a
cl
os
ed

λ
-t
er
m
,
sa
y,
λ
x
.
x
,

on
e
m
u
st
fi
rs
t
ge
n
er
at
e
a
te
rm

x
w
h
ic
h
is
n
ot

a
cl
os
ed

λ
-t
er
m
.

I
th
in
k
th
is
is
th
e
m
os
t
pr
ob
le
m
at
ic
p
oi
n
t
of

th
e
d
efi
n
it
io
n
of

ra
w

λ
-t
er
m
s.

25



D
efi
n
it
io
n
o
f
α
-e
q
u
iv
a
le
n
ce
re
la
ti
o
n

sh
a
p
e(
λ
x̄
.
u
)
=

sh
ap

e(
λ
ȳ
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Formalization of Polynomially Bounded

Functions in Mizar

Hiroyuki Okazaki ∗

平成 27 年 1 月 10 日

1 Introduction

A security proof of cryptographic systems is very important. We are try-

ing to formalize many topics about cryptology, such as computational com-

plexity, finite probability[4, 5, 6, 7, 8, 9], algorithms[10], number theory[11,

12], etc. In this report, we introduce our formalization of the polynomially

bounded sequences and prove the correctness of the formalization using

the Mizar proof checking system as a formal verification tool[2]. Polyno-

mially bounded sequences play an important role in practical computer

complexity theory, such as, computer simulations and cryptology, and is

very important in proving the security of cryptographic systems. A secu-

rity proof is performed by proving that an attack on a target cryptosystem

is more difficult than a complexity problem. The class P is a fundamental

computational complexity class that contains all polynomial-time decision

problems[1]. It takes polynomially bounded amount of computation time to

solve polynomial-time decision problems by a deterministic Turing machine.

Moreover we formalize polynomial sequences and Negligible Functions.

2 Preparation

2.1 Mizar

Mizar[2], which formalizes mathematics, is an advanced project of the

Mizar Society led by Andrzej Trybulec. The Mizar project was devel-

oped to describe mathematical proofs formally in the Mizar language. The

∗Institute of Engineering, School of Science and Technology, Shinshu University, 4–
17–1 Wsakasato, Nagano–City, Nagano 380–8553 Japan, okazaki@cs.shinshu-u.ac.jp
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Mizar proof checker operates in both Windows and UNIX environments

and registers proven definitions and theorems in the Mizar Mathematical

Library(MML). The objective of this study is to prove the security of cryp-

tographic systems using the Mizar proof checker.

2.2 Asymptotic notation

In this section, we briefly review an asymptotic notation O, and we then

introduce related formal definitions available in Mizar mathematical library.

Definition: 1 Let f(·) and g(·) be functions from N to R. g(·) ∈ O (f(·))
iff ∃N be a natural number and c be a real number s.t.C ∀nstN ≤ n holds

0 ≤ g(n) ≤ c · f(n).

The O notation is defined in Mizar as follows:

Definition: 2 (ASYMPT_0:def 9)

definition

let f be eventually-nonnegative Real_Sequence;

func Big_Oh(f) -> FUNCTION_DOMAIN of NAT,REAL

equals

{ t where t is Element of Funcs(NAT, REAL)

: ex c,N st c > 0 &

for n st n >= N holds t.n <= c*f.n &

t.n >= 0};

end;

In Mizar, Real Sequence ia an alias for a function from N to RC“eventually-
nonnegative” is an attribute for Real Sequence defined as follows:

Definition: 3 (ASYMPT_0:def 2)

definition

let f be Real_Sequence;

attr f is eventually-nonnegative means

ex N being Nat st for n being Nat

st n >= N holds f.n >= 0;

end;

The sequence of monomial an is defined in Mizar as follows:

Definition: 4 (ASYMPT_1:def 3)

definition

let a be Real;
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func seq_n^(a) -> Real_Sequence means

it.0 = 0 &

for n st n > 0 holds

it.n = n to_power a;

end;

The sequence of monomial ab·n+c (a, b, c are given constant numbers) is

defined in Mizar as follows:

Definition: 5 (ASYMPT_1:def 1)

definition

let a,b,c be Real;

func seq_a^(a,b,c) -> Real_Sequence means

it.n = a to_power (b*n+c);

end;

Note that for a given real number x, xn is represented as “seq a^(x,1,0)” in

Mizar.

2.3 Polynomially-bounded Functions

In this section, we briefly review polynomially-bounded functions.

Definition: 6 A real valued function f(·) is polynomially-bounded if ∃n be

an nutural numbet such that

f(x) ∈ O (xn)

2.4 Negligible Functions

In this section, we briefly review negligible functions[3]D

Definition: 7 Let µ(·) be a function from N to R. µ(·) is (negligible func-
tion) iff ∃N be a natural number s.t.C ∀n be a nutural number st N ≤ n

holds ∀p(·) be a polynomial holds

µ(n) <
1

|p(n)|

3 Formalization of Polynomially Bounded Func-

tions and Polynomial Functions

In this section, we introduce our formal definition of polynomially bounded

functions and polynomial functions.
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3.1 Formalization of Polynomially Bounded Functions

Definition: 8

definition

let p be Real_Sequence;

attr p is polynomially-bounded means

ex k be Element of NAT st

p in Big_Oh(seq_n^(k));

end;

We then introduce some theorems about polynomially bounded functions.

Theorem: 1

theorem

for a be Element of NAT st 1 < a holds

seq_a^(a,1,0) is non polynomially-bounded;

This theorem shows that exponential f(x) = ax is not polynomially-bounded

if 1 < a.

Theorem: 2

theorem

for a,b be Element of INT st b <> 0 holds

ex A,B be sequence of NAT,

C be Real_Sequence,

n be Element of NAT st

A.0 = |.a.| & B.0 = |.b.| &

(for i be Nat holds

A.(i+1) = B.i &

B.(i+1) = A.i mod B.i) &

n = (min*{i where i is Nat: B.i = 0} ) &

a gcd b = A.n

& n <= C.(|. b .|)

& C is polynomially-bounded;

This theorem shows that Euclidean division algorithm calculates the GCD

of two integers in polynomially-bounded repetitions.

3.2 Formalization of Polynomial Functions

Definition: 9

definition
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let c be XFinSequence of REAL;

func seq_p(c) -> Real_Sequence

means

for x be Element of NAT holds

it.x = Sum(c (#) seq_a^(x,1,0));

end;

We then introduce a theorem about polynomial functions.

Theorem: 3

theorem

for k be Nat, c be XFinSequence of REAL

st len c = k+1 & 0 < c.k

holds seq_p(c) in Big_Oh( seq_n^(k) );

This theorem shows that any polynomial function whose most significant

coefficient is positive is polynomially bounded.

4 Formalization of Negligible Functions

In this section, we introduce our formal definition of negligible functions.

Definition: 10

definition

let f be Function of NAT,REAL;

attr f is negligible

means@for c be non empty

positive-yielding XFinSequence of REAL holds

ex N be Element of NAT st

for x be Element of NAT

st N <=x holds |. f.x .| < 1/((seq_p(c)).x) ;

end;

We then introduce some theorems about negligible functions.

Theorem: 4

theorem

for f be Function of NAT,REAL

st for x be Element of NAT holds

@@f.x = 1/ (2 to_power x)@holds

f is negligible;

This theorem shows that 2−x is a negligible function.
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Theorem: 5

theorem

for f,g be Function of NAT,REAL

st f is negligible & g is negligible

holds f+g is negligible;

theorem

for f be Function of NAT,REAL,

a be Real

st f is negligible

holds a(#)f is negligible;

theorem

for f,g,h be Function of NAT,REAL

st f is negligible & g is negligible &

h =f(#)g

holds h is negligible;

These theorems show that negligible functions are closed with respect to

addition, scalar multiplication and multiplication.

5 Conclusion

In this report, we introduce our formalization of polynomially-bounded

functions, polynomial functions , and negligible functions in Mizar. We then

show some rerated theorems about them. The definitions and theorems in

this study have been verified for correctness using the Mizar proof checker.
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The Application of VDM (Vienna Development Method) to the
Industrial Development of Firmware for a Smart Card IC Chip
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December 4, 2014

Abstract
We applied the formal specification language VDM++ in the development of firmware of the “Mobile Fel-

iCa” IC chip. As an outcome, we have achieved successful results and confirmed its effectiveness.
The objectives of applying a formal method were as follows: (1) Description of rigorous specifications; (2)

Development and application of a scheme and processes for specification development, firmware implemen-
tation and testing; (3) Enhancing the quality of deliverables at the upper stream of development process; (4)
Testing thoroughly with formal specifications for whole software development processes; (5) Improvement of
communication between engineers.

1 Outline of Project
“FeliCa” is a contactless IC card technology widely used in Japan, developed and promoted by Sony Corporation.
This FeliCa technology is utilized in the Mobile FeliCa IC chip which is embedded in a mobile phone.

Mobile phones embedded with the FeliCa IC chip are known as “Osaifu Keitai” (means of mobile wallet) by
NTT DoCoMo, Inc., and today those chips are embedded in over 50 million mobile phones which can be used as
electric money, train tickets, identifications, door keys and so on.

The mobile FeliCa system is comprised of mobile phones with the FeliCa IC chip, FeliCa servers connected to
the mobile telecom network and FeliCa reader/writers.

The mobile FeliCa system is shown in Figure 1.
The characteristics of the Mobile FeliCa IC chip firmware are as follows:

• Contains the secure file system and the communications protocol, which are the basis of the FeliCa tech-
nology;
• Possesses firewall functions that enable the multiple services in the Mobile FeliCa IC chip such as electric

money and train tickets.

We must ensure the extremely high quality of the software in order to avoid serious problems related to social
infrastructure, and so the stakeholders will not be affected. It would be impossible to recall all the FeliCa IC chips
which are embedded in mobile phones.

The project duration was three years and three months. There were 50-60 members within this project, and the
average age was about 30 years old. There were no members who had the knowledge of or the experience with
formal methods at the time of project launch.

We have employed several chip manufacturers in order to reduce risks in manufacturing and sales. It was
necessary that the firmware on the different ASICs and firmware development environments behave exactly the
same so that the compatibility was retained.

C/C++ and assembler languages are used in the implementation of the Mobile FeliCa IC chip firmware.

1
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Fig. 1 Mobile FeliCa System

2 Objectives
After a consideration to the characterization of the development of the Mobile FeliCa IC chip, we decided to
focus on improvements at the upper stream of development process related to software development and mutual
understanding between engineers, and we have taken on the challenge of describing formal specifications.

The objectives of applying a formal method were as follows:

1. Description of rigorous specifications and defining functions;
2. Development and application of a scheme and processes for specification development, firmware imple-

mentation and testing;
3. Enhancing the quality of deliverables at the upper stream of development process;
4. Testing thoroughly with formal specifications for whole software development processes;
5. Improvement of communications between engineers.

3 Approach
We have decided to use the formal specification language VDM++[1] and VDMTools [3], since they support
describing and executing large-scale models.

The obtained results of the overall development process are shown in Figure 2. We have developed and tested
external specifications using VDM++.

The process of specification development is as follows:

2

60



… 

… 

… 

Test Cases, Scripts, Environment 

User’s Manual 

F/W IDE 1 F/W IDE n 

IC Chip Firmware Design 

External Specifications 
(Formal Specification Language) 

Formal Specification 
Development Environment 

(VDM++, VDMTools) 

Requirements Definition 

General Specifications 
(Natural Language, UML) 

 F/W 1 F/W n 

F/W Test Cases, Scripts 

IC Chip 1 IC Chip n 

Non-functional Specifications 
(Natural Language) 

FeliCa Formal Specification 
Description Framework 

Fig. 2 Obtained Results

1. Discussed requirements with stakeholders and wrote the general specifications in a natural language with
various diagrams based on UML notation, such as state transition diagrams and sequence diagrams;

2. Modeled the FeliCa file system and designed and implemented a framework in VDM++;
3. Described command and security specifications using the framework;
4. Tested specifications using a unit testing framework.

The main components or functions of the formal specifications are as follows:

• The FeliCa file system specification that defines the basic data structure;
• The framework for describing and testing specifications that are based on the basic data structure;
• Command specifications which are the basis of the FeliCa technology;
• Security specifications.

Non-functional specifications such as performance and reliability were written in the natural language separately
from the formal specifications.

VDM++ is a multi-purpose formal specification language that is primarily an object-oriented extension of
VDM-SL [2] which is a formal specification language standardized under the International Organization for Stan-
dardization (ISO).

VDMTools is an integrated tool that supports model analysis, specification description and testing. We have
used following functions; (1) syntax checking, (2) type checking, (3) sequential implementation of executable
specification and debugging support, (4) measurement of the code coverage of executable specification.

VDMTools has the conversion function of executable specification to C++ or Java code, however because the
generated code was not suitable for the embedded development environment for secure IC cards, this function was
not used.
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Fig. 3 Development Teams

In the project, we organized three teams; specification team, firmware implementation team and testing team.
There were 5-20 members, 15-20 members and 25-35 members respectively.

The outline of the development teams is shown in Figure 3.
The outline of the overall development process is shown in Figure 4.
Considering a single iteration starts from describing specifications to testing the firmware on development board,

one iteration consumes a few weeks, and in total 30 iterations were carried out.

4 Test Scheme
Test scheme for the overall development is shown in Figure 5.

From the formal specifications, test engineers designed black-box test specifications and then implemented test
scripts. Executable formal specifications, firmware on development board and IC chips were automatically tested
using the test environment and the test scripts.

From the results of the tests, we were able to confirm whether the test cases and scripts were consistent with
the specifications. In addition, from measuring the coverage of the executable formal specifications, we have
confirmed that the test cases covered all the defined specifications.

4
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5 Results and Discussion

5.1 Specification Development

At first, we discussed requirements with stakeholders and wrote the general specification in a natural language with
various diagrams based on UML notation, such as state transition diagrams and sequence diagrams. Secondly, we
modeled the FeliCa file system and, designed and implemented the framework. Finally, we described command
specifications and security specifications on framework.

Furthermore, we developed class methods for unit testing of formal specification, and tested executable formal
specifications.

The results related to specifications are as follows:

• 383 pages of a protocol manual written in the natural language (user’s manual for other departments within
the company and for outside customers);
• 677 pages of an external specification document written in the formal specification language.

Our formal specifications are about 100,000 steps including test cases (about 60,000 steps) and comments
written in the natural language. Using this specifications, we implemented the C/C++ code of about 110,000
steps, inclusive of comments, as firmware of a single IC chip.
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Table 1 Percentages of Errors in Firmware Implementation

Reason for Errors Percentage
Missing description 0.2%
Erroneous description 0%
Unclear description 1.8%
Oversight 5.6%
Insufficient understanding 10.7%
Insufficient confirmation 0%
Failure of change propagation 0.2%
Others (reasons unrelated to specifications) 81.5%

5.2 Percentages of Errors in Firmware Implementation

The percentages of errors in firmware implementation related to specifications for the overall project are as shown
in Table 1.

The formal methods are useful for finding errors in the early stages of development. The formal specification
can be syntax and type checked. In addition, since the specification is executable, testing can be carried out.

From the above results, it can be said that we have successfully described the specifications in a precise way.
On the other hand, the total percentage of “oversight” errors and “insufficient understanding” errors was 16.3%.
This was due to the fact that the separations between the actual specifications and the code required to execute the

6
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Table 2 Number of Changes

Trigger of Modification Number
Additions and modifications by specifiers themselves 84 (46%)
Requests, indications and proposals from firmware engineers 25 (14%)
Requests, indications and proposals from test engineers 23 (13%)
Others 9 ( 4%)
Requests and proposals from outside the project 41 (23%)
Total 182

Table 3 Number of Errors Discovered before Integration Test

Phase of Development Process Number
Describing Specifications 162
Executing and Unit Testing Specifications 116
Reviewing Specifications 93
Communicating with Firmware Engineers 69
Total 440

specifications was unclear.

5.3 Efficiency of Specification Development

The average productivity of VDM code for the formal specifications was about 1,900 lines per engineer per month
(approximately 160 hours). This number is equal to that for firmware implementation. It can be said that there
were no particular disadvantages by using the formal specification language from scratch.

As for the skill level of the engineers, although all has learned the basic information technology, there was a
wide gap in the number of years that the engineers had experienced in software development. There were even
some members who had no experience.

5.4 Changes of Specifications

182 modifications were made to the formal specifications. Specifiers added, modified and debugged 84 times since
formal specification version 1.0 was released. The number of changes are as shown in Table 2.

5.5 Tests and Reviews of Specifications

The line coverage rate of the formal specifications by unit testing was 82%. We were able to enhance the coverage
rate of unit test cases by coverage analysis. As a result of unit testing, we were able, for example, to discover an
incorrect path in postconditions. This kind of inconsistency is generally difficult to discover by review.

Discovered formal specification errors before integration tests are as shown in Table 3. The formal method
contributes to enhancing the quality of deliverables at the upper stream of development process.

The line coverage rate of the formal specifications by black-box testing and visual inspection was 100%.
“Random Test” is an aging test. The test tool sends random commands continuously to the test target and checks

whether the test target sends back correct responses.
By carrying out about 7,000 black-box tests and 100 million random tests, the high quality of IC chips was

achieved.
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Table 4 Results of Questionnaire

Responses Specifiers Firmware Engineers Test Engineers Overall
I frequently refer to it 87% 13% 27% 24%
I refer to it 13% 27% 46% 35%
It is easy to read 29% 13% 12% 12%
It is not easy to read, but I can read 71% 53% 67% 59%
It was very good that we applied it 43% 20% 8% 14%
It was good that we applied it 57% 7% 69% 43%
There was no effect observed 0% 14% 4% 6%
A specification language is necessary 87% 40% 81% 65%
I would like to utilize it in the future as well 0% 13% 19% 18%
I would like to utilize it depending on the case 100% 40% 69% 59%

5.6 Formal Specifications and Communication

We have analyzed all the questions related to the specifications from firmware engineers, test engineers and stake-
holders. We have divided questions into three categories: “Comprehension”, “Intent” and “Error”.

As compared with the formal specifications, there are more requests for clarification on the general specifica-
tions and the manuals written in the natural language. On the other hand, there are more questions related to
background comprehension of the formal specifications.

This result shows that the specifications in the natural language were not precise. For the formal language, the
backgrounds of the specifications were unclear to readers. Therefore, it is preferable that the background of the
specifications written in the natural language are included as comments in the formal specifications.

5.7 Results of Questionnaires and Interviews with Project Members

A questionnaire survey was conducted towards all members of this project. At the same time, an approximately 40
minutes interview was held individually to 12 members who wrote and tested the formal specifications or referred
to them frequently.

A portion of the results of the questionnaire is summarized in Table 4.
In briefly summarizing the results of the above questionnaire and interviews, we have found that there was no

major adverse reaction to the application of the formal method. A commonly found opinion was that while they
realized its efficiency as a communication tool, the cost for initial training was necessary.

Specifiers Generally have a favorable impression of the formal method and are positive about the effect of its
application in the project. Within this project, they can confidently take on duties other than specification
development.

Firmware Engineers While the specification itself is clear, it is hard to identify the boundary of the external
specification and the formal specification program required execution.

Test Engineers Since the specification is clear, it is possible to test with confidence.

6 Conclusion
The application of the formal method was highly effective for the success of our project on schedule.

The formal method contributes to the quality of deliverables at the upper stream of development process.
And, the formal method appear to have encouraged communications between engineers, which is vital for

software development.
Additionally, the fact that the executable formal specifications are resembled to program codes is an substan-
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tial advantage because the know-how accumulated through program development can be applied (for example,
configuration management, filter programs, batch programs, object-oriented analysis and design technology, unit
testing and so on).

It is necessary to pay attention to not only executable features but also the readability of specifications. Specifi-
cations which are referred to by all project members need to be simple, so that it can be read without stress.

7 Difficulties
In our project, the capability for abstraction required by formal specification engineers did not go beyond that
required by usual programmers.

In the case of VDM++, coding and testing formal specifications are not difficult for engineers who are familiar
with the object-oriented design and the implementation of C++/Java languages. They would need only about a
month training.

However, it is difficult to describe of the formal specifications than using general programming languages.
Although a lack of VDM libraries, templates and advices from experts could be a disadvantage for beginners.

8 Future Issues
Future issues are listed below:

• Validating whether specifications fulfill requirements;
• Negotiating with stakeholders who do not read formal specifications;
• Testing user’s manuals that is based on formal specifications;
• Defining effective combinations of formal and informal specifications;
• Description of formal specifications suitable for embedded systems;
• Validation and testing of the formal specifications; for example validation of whether a security specifica-

tion is logically consistent;
• Framework for describing specifications that are easy-to-read and executable;
• Specifications that firmware engineers and test engineers feel close to, familiar with and comfortable brows-

ing.
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Correct-by-Construction Program Synthesis in Coq
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Fiat is a Coq library supporting deriving efficient programs from specifications. We
think of it as enabling a new style of modularity in programming, where it is possible to
separate functionality from performance, with language-enforced encapsulation keep-
ing the latter from interfering with the former. More concretely, the programmer starts
with a program written to be as easy to understand as possible. From here, optimiza-
tion scripts are applied to do stepwise refinement, gradually replacing nondeterministic
constructions with deterministic ones, and replacing slow algorithms with fast ones. As
the implementation language of optimization scripts, we reuse Ltac, Coq’s language for
coding proofs and decision procedures. We inherit Ltac’s support for generating proof
trails that vouch for the soundness of all operations. With highly expressive functional
programming languages for both the functionality and performance parts of programs,
we develop new abstraction and modularity patterns on each side of the divide. Our
main case study so far deals with specifications that resemble SQL query and update
operations. A set of operations over a particular schema are packaged together as an
abstract data type, hiding the concrete representation of a relational database. We
refine these nondeterministic descriptions of operations into efficient functional pro-
grams, which can be extracted to OCaml and run with good performance. In ongoing
work, we are extending the refinement process to produce efficient assembly code using
imperative data structures (via the Bedrock library), retaining proof trails to relate
those programs to the original specifications. We are also exploring several new spec-
ification domains with associated refinement strategies, including for parsing, graph
algorithms, and stencils in scientific computing.

Joint work with Benjamin Delaware, Clément Pit–Claudel, Jason Gross, and Peng
Wang

References

[1] B. Delaware, C. Pit–Claudel, J. Gross, A. Chlipala. Fiat: Deductive Synthesis of Abstract Data
Types in a Proof Assistant. In Proceedings of POPL’15, to appear, 2015.

75



TPP2014

Theorem Proving and Provers for Reliable Theory and Implementations

December 3-5, 2014, Nishijin Plaza, Kyushu University, Fukuoka, Japan

Formalization of Error-correcting Codes using
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By adding redundant information to transmitted data, error-correcting codes (ECCs)
make it possible to communicate reliably over noisy channels. Minimizing redundancy
and coding/decoding time has driven much research, culminating with Low-Density
Parity-Check (LDPC) codes. Hard-disk storage, wifi communications, mobile phones,
etc.: most modern devices now rely on ECCs and in particular LDPC codes. Yet,
correctness guarantees are only provided by research papers of ever-growing complexity.
One solution to improve this situation is to provide a formalization of ECCs. A first
difficulty to achieve this goal has been lifted by the SSReflect extension [GMT08] of
the Coq proof-assistant, that provides in particular a substantial formalization of linear
algebra. Using SSReflect, we have been able to formalize the main properties of the
celebrated Hamming codes and also the properties of the more difficult LDPC codes.

1. A Formal Setting for Linear ECCs

Let us first give a brief overview of the bottom layer of our library for linear ECCs.
This layer itself relies on previous work on formalization of information theory [AHS].

We are concerned with linear ECCs that manipulate bit-vectors as data. In SS-
Reflect, bit-vectors are appropriately modeled as row vectors over F2 and we start
by providing their properties in terms of Hamming weight (the number of bits 1) or
Hamming distance (the number of bits that are different).

The simplest definition of a linear ECC one can find in textbooks is as a set of
bit-vectors (called codewords) closed by addition. In practice, a linear ECC is rather
defined as the kernel of a matrix called the parity check matrix [MS77]. This view of
a linear ECC as a set of vectors makes it already possible to prove several properties
of linear ECCs such as the characterization of the codewords of a given weight or the
minimum distance between any two codewords.

The view of a linear ECC as a set of codewords leaves out the (noisy) channel on
which the transmission of codewords occurs, the coding procedure from messages to
codewords, and the decoding procedure from channel outputs back to input messages.
From a practical standpoint, a linear ECC is rather a pair of coding/decoding functions
used in conjunction with a channel modeled as a stochastic matrix. In this setting, it
is possible to compare different encoding/decoding schemes according to whether they
perform, e.g., minimum distance decoding (decoding decodes to the closest codeword
in terms of Hamming distance) or maximum likelihood decoding (decoding decodes
to the message that is the most likely to have been encoded according to the channel
definition). More precisely, for an encoding function f , a maximum likelihood decoding
function ϕ is such that W n(y|f(ϕ(y)) = maxx∈Fn

2
W n(y|f(x)) where W n(y|y0) is the
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probability for a channel W that an input y0 of length n is output as y. SSReflect’s
library about big operators came in handy to formalize these notions.

2. Formalization of Hamming Codes and Their Properties

Hamming codes are linear ECCs on an alphabet Σ, where messages of length |Σ|n−
n− 1 are encoded by codewords of length |Σ|n − 1, i.e. one adds only n extra bits for
error checking. Assuming bit-vectors, the codewords are defined by the parity check
matrix whose columns are the binary representations of non-null words of length n
(there are 2n − 1 such words).

Let [u]i be the ith bit of the word representing u in binary notation. Then code-

words y satisfy the equations
∑2n−1

i=1 [i]j−1[y]i−1 ≡ 0 (mod 2) (1 ≤ j ≤ n). This
provides us with a parity check matrix H, from which one can easily construct and
encoding matrix G to serve as an encoding function by permuting columns and using
properties of block matrices (we of course have the relation H ·GT = 0):

H =




0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1


 G =




1 1 1 0 0 0 0
1 0 0 1 1 0 0
0 1 0 1 0 1 0
1 1 0 1 0 0 1




The most interesting property of Hamming codes is that there are no codewords of
weights 1 and 2, i.e. by linearity the minimum distance between two distinct codewords
is 3. A corollary of this property is that, by choosing the closest codeword, one is able
to correct 1-bit errors (since there can be only one codeword that close). Another, more
abstract property is that the above approach of choosing the word corresponding to
the closest codeword, i.e. minimum distance decoding, also happens to be a maximum
likelihood decoding when the error probability of the channel is less than 1

2
.

We were able to prove those properties in the binary case, for arbitrary size mes-
sages, making efficient use of the matrix and finset libraries of SSReflect. While com-
putation on matrices can get tedious due to dependent types, we could avoid many
problems by switching to sets of columns rather than concrete matrices where appro-
priate. Note that a large part of the effort was in finding the correct pre-conditions for
each definition, something that is not insisted much on in coding theory textbooks.

3. Formalization of the Properties of LDPC Codes

Our main result is the formalization of the correctness property of the sum-product
algorithm: a generic decoding algorithm that is particularly efficient for LDPC codes.
This algorithm is better explained using Tanner graphs as an alternative representation
of parity-check matrices.

A Tanner graph is a graph whose vertices correspond to the rows and columns
of a parity-check matrix. For example, the figure below represents the Tanner graph
corresponding to the Hamming code of the previous section:

7

6

5

4

3

2

1

3

2

1
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Tanner graphs are instrumental in the formalization of the sum-product algorithm
because the latter is better expressed as an algorithm that computes locally for each
node “messages” that are exchanged with their neighbors.

Let us consider a noisy channel W , an output message y we want to decode, and let
us denote by x the corresponding input codeword we are looking for. When decoding,
we are concerned with finding a way to evaluate PW

n0
(xn0 |y), the probability that the

nth
0 bit of x is set knowing the output message y. The first result that we formalized is

the fact that this probability is proportional to the following quantity:

PW
n0
(xn0 |y) ∝ W (yn0|xn0)

∏
m0∈F (n0)

αm0,n0

where F (n0) is the set of neighbors of the node n0 in the Tanner graph and αm0,n0

is a “message” (precise definition omitted here) computed using information from the
subtree rooted at m0 and n0 (the above property holds when the Tanner graph is
acyclic).

The property above provides a way to evaluate PW
n0
(xn0 |y), and therefore to find

out whether xn0 is likely to be set or not, but it does not provide an efficient algo-
rithm because α messages cannot be computed locally. The second property that we
formalized introduces a second type of messages β such that both α and β messages
can be computed incrementally (starting from the leaves of the Tanner graph when it
is acyclic):

αm0,n0 =
∑

t#V (m0)\n0

δ(V (m0), t)
∏

n1∈‘V (m0)\n0

βm0,n1

where t#V is a projection of the row-vector t over the set of indices V and δ is an
indicator function (precise definition omitted here). This is the latter relation that
justifies the correctness of the sum-product algorithm.

In this presentation, we explain how we formalized the above properties, focusing in
particular on the key properties of Tanner graphs and the formalization of the summary
notation that is an important technical device in the development of modern coding
theory in general.

Acknowledgments. Taku Asai, Takafumi Saikawa, Kazuhiko Sakaguchi, and Yuto
Takahashi made contributions to the Coq formalization. The project of formalization
of modern coding theory is a collaboration with Manabu Hagiwara, Kenta Kasai, and
Shigeaki Kuzuoka.

References

[MS77] Florence Jessie MacWilliams and Neil James Alexander Sloane. The Theory of Error-
Correcting Codes. North-Holland, 1977. 7th impression: 1992.

[GMT08] Georges Gonthier, Assia Mahboubi, and Enrico Tassi. A small scale reflection extension for
the Coq system. Technical Report RR-6455, INRIA, 2008. Version 14 (March 2014).

[Hag12] Manabu Hagiwara. Coding Theory: Mathematics for Digital Communication. Nippon Hyoron
Sha, 2012. http://www.nippyo.co.jp/book/5977.html. In Japanese.

[AHS] Reynald Affeldt, Manabu Hagiwara, and Jonas Sénizergues. Formalization of Shannon’s theo-
rems. J. Autom. Reasoning, 53(1):63–103. Springer, 2014.

78



TPP2014

Theorem Proving and Provers for Reliable Theory and Implementations

December 3-5, 2014, Nishijin Plaza, Kyushu University, Fukuoka, Japan

Formalization of Matrix Representation of
Direction Relations with Application to the

Superposition of Rectangles

Fadoua Ghourabi

Kwansei Gakuin University, Japan

(joint work with Kazuko Takahashi)

Our perception of the space and the objects around us is basically qualitative. For in-
stance, in most cases we can manage without recourse to the exact positions of objects
in a coordinate system. As an attempt to imitate this cognitive aspect, qualitative
spatial representation emerged as an area of spatial knowledge representation. The
foundation in qualitative spatial representation is to treat objects of the space qualita-
tively, i.e. what matters is how objects are related. Positional knowledge about objects
in the space is one of the relevant problems that is addressed by the field of qualitative
spatial representation. The direction relations describe where an object is positioned
w.r.t. a reference [Frank, 1991, Clementini et al., 1997]. In this work, we use the direc-
tion relations in a smaller scale problem. We examine a practically oriented problem,
namely software window allocation, from the qualitative spatial representation point
of view.
The window allocation involves superposition under conditions of visibility. Namely,

a superfluous information in a window can be hidden and superposed by a relevant in-
formation in another window. The spatial object of interest is the rectangular window,
called unit. The structure of a unit contains a must-be-visible white region and a
might-be-hidden black region. For instance, Figs. 1(a) and 1(b) depict two units that
are divided into white and black regions. The superposition of the unit in Fig. 1(b)
onto the unit in Fig. 1(a) while keeping all white regions visible have several solutions
as shown in Figs. 1(c) - 1(f). We use relative directions to qualitatively represent the
positions of the white and black regions inside the unit. To encode the direction rela-
tions between the objects, matrices are commonly used data-structure, e.g. the object
interaction matrix (OIM) [Chen et al., 2010]. By extending the edges of the black and
white regions, the plane is divided into tiles of direction relations. The entries of the
matrices are computed from the intersections of those tiles and the black and white
regions.
We formalize a matrix theory in Isabelle/HOL [Nipkow et al., 2002]. Operation of

rotation is defined to establish an equivalence relation between the matrices. Then,
the superposition of units is computed from the superposition of their matrix represen-
tations. We define properties to answer questions about a superposition, for instance,
whether it is successful or whether the result is a valid unit. Checking these properties
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(a) (b)

(c) (d) (e) (f)

Figure 1. Units divided into black and white regions and the solutions
of their superposition

formally is a challenge due to the number of the pairwise combinations of rectangles
to be superposed. In an attempt to optimize the proofs, we group the results of
superposing the rectangles into equivalence classes. Given an equivalence relation r
and two functions f and g, we introduce the two (infix) predicates “preserves” and
“respects” that are defined as follows.

f preserves r  ∀x y. (x, y) ∈ r ⇒ (f x, f y) ∈ r

g respects r  ∀x y. (x, y) ∈ r ⇒ gx = gy

We furthermore prove that the superposition function respects the rotation relation
and that the properties of success and validity preserves the rotation relation. We
therefore show that it is enough to check a property for a representative element of an
equivalence class.
Part of this work will be published in [Ghourabi and Takahashi, 2015]. For a closer

look at the proofs, our Isabelle/HOL theory files are available at http://ist.ksc.
kwansei.ac.jp/~ktaka/SuperpositionTheory/.
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背
景

 
•
型
付
中
間
言
語

 
–
メ
モ
リ
ア
ク
セ
ス
に
対
す
る
型
付
け

 
•
参
照
，
オ
フ
セ
ッ
ト
，
シ
ン
グ
ル
ト
ン
型

 

•
Da

ta
-ra

ce
-fr

ee
 な
プ
ロ
グ
ラ
ム
は
デ
ー
タ
に
つ
い
て

 
se

qu
en

tia
l c

on
sis

te
nc

y 
–

C1
1 

(C
言
語
の
比
較
的
新
し
い
仕
様

) 
–

Ja
va

 は
 d

at
a-

ra
ce

 fr
ee

 で
な
い
場
合
も

 se
m

an
tic

s 
•
発
表
者
が

15
年
く
ら
い
前
に
考
え
て
い
た
こ
と

 (x
cc

m
em

.h
) 

–
順
序
制
約
の
明
示

 
•
そ
れ
な
し
で
は
，
ア
ク
セ
ス
の
順
序
が
入
れ
替
わ
る

 
–
コ
ン
パ
イ
ラ
に
よ
っ
て
，
あ
る
い
は
，
ハ
ー
ド
ウ
ェ
ア
に
よ
っ
て

 

20
14

/1
2/

4 
M

as
ah

iro
 Y

AS
U

GI
 

4 

動
機

 
•
複
数
の
高
水
準
言
語
か
ら
の
共
通
の
型
付
中
間
言
語

 
–
こ
れ
自
体
が
挑
戦
的

 
–
最
終
的
に
は
処
理
系
を
作
り
た
い

:  
既
存
の
技
術
で
よ
け
れ
ば
，

そ
れ
を
使
っ
て
い
く

 
•
ご
み
集
め
の
研
究
，
並
列
処
理
の
研
究
な
ど
に
使
え
る
も
の

 
•
複
数
の
高
水
準
言
語
間
で
，
安
全
な
並
列
処
理

 
–
マ
ル
チ
コ
ア
時
代

 
–
単
一
言
語
に
お
け
る
安
全
な
並
列
処
理
で
も
課
題

 
•
現
状
が
ま
ず
そ
う

 
–
よ
く
考
え
た
つ
も
り
が
，
実
は
デ
ー
タ
レ
ー
ス

(d
at

a 
ra

ce
)が
あ
る

場
合
が
多
い

 
–
ま
ず
は
，
型
付
中
間
言
語
に
お
け
る

 d
at

a-
ra

ce
-fr

ee
 

20
14

/1
2/

4 
M

as
ah

iro
 Y

AS
U

GI
 

3 

は
じ
め
に

(お
詫
び

) 
•
今
回
，
こ
の

TP
Pに
て
発
表
し
て
い
ま
す
が
，
現
時
点
で

は
定
理
証
明
に
あ
ま
り
結
び
つ
い
て
い
ま
せ
ん

 
•
正
し
い
共
有
メ
モ
リ
向
け
並
列
プ
ロ
グ
ラ
ム
を
作
成
す
る

に
は
，
と
い
う
点
か
ら
の
話
題
提
供
と
な
り
ま
す

 
•
ま
た
，
言
語
設
計
研
究
と
し
て
も
本
当
に
萌
芽
段
階
に

い
ま
す

 (発
表
内
容
は
動
機
と
整
理
の
み

) 
•
最
終
的
な
言
語
処
理
系
で
は
依
存
型
等
を
用
い
た

 
型
検
査
で
正
し
さ
を
確
認
し
た
い
と
も
考
え
て
い
ま
す

 
•
型
シ
ス
テ
ム
，
型
検
査
の
健
全
性
を
示
す
と
き
に
は
，

定
理
証
明
と
結
び
つ
く
か
と
は
思
い
ま
す

 
 

20
14

/1
2/

4 
M

as
ah

iro
 Y

AS
U

GI
 

2 

メ
モ
リ
モ
デ
ル
を
考
慮
し
た

 
汎
用
型
付
中
間
言
語
設
計
に
向
け
て

 
To

w
ar

ds
 D

es
ig

n 
of

 
 U

ni
ve

rs
al

 T
yp

ed
 In

te
rm

ed
ia

te
 L

an
gu

ag
es

 
 in

 C
on

sid
er

at
io

n 
of

 M
em

or
y 

M
od

el
s 

八
杉

 昌
宏

 
九
州
工
業
大
学

 情
報
工
学
研
究
院

 
20

14
年

12
月

4日
 (午
後
の
み
参
加

) 
 

20
14

/1
2/

4 
M

as
ah

iro
 Y

AS
U

GI
 

1 
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等
価
な
デ
ー
タ
レ
ー
ス
定
義

 
(さ
ら
に
，
こ
こ
で
の
整
理
案

) 
•

SC
 を
仮
定
し
て
プ
ロ
グ
ラ
ム
の
並
行
実
行
中
の
状
態

 𝑠𝑠 
か
ら

 𝑠𝑠′
 に

遷
移
す
る
と
す
る
．

 
–

∀𝑠𝑠
∈ 

 D
RF

. ∀
𝑠𝑠′

∈ 
ne

xt
 (𝑠𝑠

). 
𝑠𝑠′  ∈

 D
RF

 
–

∀𝑠𝑠
∈ 

 D
RF

. (
𝑠𝑠 が

今
ま
さ
に

da
ta

 ra
ce

 で
は
な
い

) 
•
「
今
ま
さ
に

da
ta

 ra
ce
」

 =
 「
次
の
ア
ク
シ
ョ
ン
と
し
て
，
同
じ
場
所
に
関
し
て
，
書

き
込
み
を
含
む
複
数
通
り
の
ア
ク
セ
ス
が
可
能
」

 
   

 を
満
た
す
最
大
の
状
態
集
合

DR
Fを
考
え
る

 
•
プ
ロ
グ
ラ
ム
の
初
期
状
態
が

 D
RF

 に
含
ま
れ
る
か

? 
–

DR
Fに
含
ま
れ
る
こ
と
を
近
似
す
る
程
よ
い
型
シ
ス
テ
ム
と
し
て
判
定
し

た
い

 
–

DR
F 
を

 エ
ラ
ー
フ
リ
ー
と
読
め
ば
，
型
検
査
で
検
査
し
た
い
こ
と
と
同
じ

形
 (よ
っ
て
，
型
安
全
性

 S
ou

nd
ne

ss
 o

f a
 ty

pe
 sy

st
em

 は
標
準
的

) 

20
14
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Da
ta

 ra
ce

 の
等
価
な
定
義

 
•

SC
 (s

eq
ue

nt
ia

l c
on

sis
te

nc
y)
を
仮
定
し
て
，
並
行
ス
レ
ッ
ド
が

in
te

rle
av

in
g 
で
実
行
を
続
け
た
と
き
に
，
決
し
て
並
行
読
み

書
き
，
並
行
書
き
込
み
が
生
じ
な
い
な
ら
，

da
ta

-ra
ce

-fr
ee

 
(な
の
で

SC
) 

–
SC
を
仮
定
す
れ
ば
最
後
に
書
き
込
ん
だ
値
が
決
ま
る

 
–

SC
で
な
い
と
ス
レ
ッ
ド
に
よ
っ
て
順
序
が
異
な
る
値
が
読
ま
れ
る
か
，

も
っ
と
ひ
ど
い
こ
と
に
．

 
•
た
だ
し
，
同
期
用
ロ
ケ
ー
シ
ョ
ン
に
関
す
る
，
同
期
の
た
め
の

 
re

ad
 や

 w
rit

e 
に
つ
い
て
は
一
般
に
は

SC
 で
は
な
い
た
め
，

全
体
と
し
て
は
等
価
と
は
い
え
な
い
か
も
し
れ
な
い
．

 
–

GP
S 

[T
ur

on
 e

t a
l.]

 は
こ
れ
ら
に
も
程
よ
く
対
応

 
•

Lo
ck

 な
ど
に
限
定
す
れ
ば
お
そ
ら
く
問
題
な
い
．
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C1
1で
は

 
•

An
y 

su
ch

 d
at

a 
ra

ce
 re

su
lts

 in
 u

nd
ef

in
ed

 b
eh

av
io

r. 
(解
釈
案

) 
•
デ
ー
タ
レ
ー
ス
を
認
め
る
と
，
コ
ン
パ
イ
ラ
や
ハ
ー
ド
ウ
ェ
ア
に
よ
る

最
適
化
の
影
響
が
出
て
，
そ
の
範
囲
は
容
易
に
限
定
で
き
な
い
と

い
う
こ
と
か
と

 
–
プ
ロ
グ
ラ
ム
実
行
の
「
状
態
」
す
ら
不
明
確

 
(課
題

) (
本
研
究
は

C1
1が
直
接
の
対
象
で
は
な
い
が

) 
•

Da
ta

 ra
ce

 fr
ee

 か
コ
ン
パ
イ
ル
時
に
検
査
さ
れ
な
い

 
•
近
年
活
発
な
研
究
領
域

 
–
例

:  
 プ
ロ
グ
ラ
ム
論
理

  G
PS

 [T
ur

on
 e

t a
l. 

O
O

PS
LA

 2
01

4]
 

•
Gh

os
t s

ta
te

,  
pr

ot
oc

ol
s,

  a
nd

 se
pa

ra
tio

n 
lo

gi
c 

•
Da

ta
 ra

ce
 fr

ee
 に
限
ら
な
い
内
容

 
•

C1
1 
仕
様
に
関
す
る
健
全
性
を

 C
oq

 で
証
明
し
て
い
る
と
の
こ
と
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Da
ta

 R
ac

e 
(一
般
的
な

) 
•
メ
モ
リ
ロ
ケ
ー
シ
ョ
ン
を
同
期
用
と
デ
ー
タ
用
に
分
け
る

 
•
同
期
用
の
ロ
ケ
ー
シ
ョ
ン
を
使
っ
て
様
々
な
同
期
を
実
現

 
–
例

: バ
リ
ア
同
期
，
デ
ー
タ
フ
ロ
ー
同
期

 
–
例

: m
ut

ua
l e

xc
lu

sio
n 

(lo
ck

) 
–
同
期
に
お
い
て
は

 ra
ce

 あ
り

 (l
oc

k 
の
獲
得
な
ど

) 
•

Da
ta

 ra
ce

: 同
じ
ロ
ケ
ー
シ
ョ
ン
に
関
し
て
，
順
序
関
係
の
つ
い

て
い
な
い

2つ
の
デ
ー
タ
ア
ク
セ
ス
の
す
く
な
く
と
も
一
方
が

 
w

rit
e 

–
順
序
関
係

: “
ha

pp
en

s b
ef

or
e”

 
•
言
語
仕
様
で
定
め
る

 
•
コ
ン
パ
イ
ラ
や
ハ
ー
ド
ウ
ェ
ア
に
よ
る
最
適
化

 (命
令
ス
ケ
ジ
ュ
ー
リ
ン
グ
等

) 
の
限
度
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難
し
い
点

 

•
Da

ta
 ra

ce
 fr

ee
 を
い
う
に
は
，
シ
ス
テ
ム
全
体
，
あ

る
い
は
将
来
の
実
行
に
つ
い
て
確
認
す
る
必
要
が

あ
る
．

(順
序
関
係
が
グ
ラ
フ

) 
•
シ
ス
テ
ム
全
体
で
「
な
い
」
こ
と
を
言
う
に
は
，
ス
レ
ッ

ド
単
位
で
の
確
認
を
難
し
く
す
る
．
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並
列
プ
ロ
グ
ラ
ム
例

 
•
デ
ー
タ
構
造
の
生
成
と
利
用

 
–
並
列
に
木
を
構
成
，
デ
ー
タ
レ
ー
ス
が
生
じ
な
い
よ
う
に
し
つ

つ
 

–
利
用
フ
ェ
ー
ズ
で
は
，
共
有
さ
れ

 re
ad

 o
nl

y 
•
フ
ェ
ー
ズ
が
変
わ
っ
た
こ
と
を
順
序
関
係
と
し
て
示
し
た
い

 
•
並
列
行
列
計
算

 
–
未
処
理
の
部
分
を
分
離
し
て
更
新

 
–
処
理
済
み
の
部
分
は
共
有
さ
れ

 re
ad

 o
nl

y 
–
処
理
済
み
の
部
分
を
表
す
プ
ロ
ト
コ
ル

(バ
リ
ア
同
期
な
ど
を

含
め

)が
必
要

 
•
こ
れ
ら
の
例
で
は
単
な
る

 lo
ck

 で
は
厳
し
い
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既
存
技
術

: C
on

cu
rr

en
t S

ep
ar

at
io

n 
Lo

gi
c 

•
    

 {𝑃𝑃
1}

 𝑒𝑒 1
 {𝑄𝑄

1}
    

 {𝑃𝑃
2}

 𝑒𝑒 2
 {𝑄𝑄

2}
    

 
{𝑃𝑃

1∗
𝑃𝑃 2

} 𝑒𝑒
1|

|𝑒𝑒
2{

𝑄𝑄 1
∗𝑄𝑄

2}
 

 
•
メ
モ
リ
の
所
有
者
毎
に
分
離

 
•

𝑒𝑒 1
は

 𝑃𝑃 1
 が
表
す
部
分
，

 𝑒𝑒 2
は

 𝑃𝑃 2
 が
表
す
部
分
を
所
有

 
•

Se
pa

ra
tin

g 
co

nj
un

ct
io

n 
 𝑃𝑃 1

∗𝑃𝑃
2で
分
離

 
–

GP
S 
も
こ
れ
に
基
づ
く
．

GP
S 
は

 S
C 
で
な
い
場
合
に
も
対
応
と
い
う

点
で
，

Co
nc

ur
re

nt
 S

ep
ar

at
io

n 
Lo

gi
c 
よ
り
進
ん
で
い
る

 
–
た
だ
，

co
nc

ur
re

nt
 re

ad
s に
未
対
応

 
•
お
そ
ら
く

 fr
ac

tio
na

l  
な

𝑙𝑙↪
𝑓𝑓

𝑣𝑣
∗ 𝑙𝑙

↪
𝑝𝑝

𝑣𝑣
⟺

 𝑙𝑙
↪ 𝑓𝑓

+𝑝𝑝
𝑣𝑣 

   
 と
い
っ
た
こ
と
で
対
応
で
き
る
は
ず
．

(調
査
中

) 
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既
存
技
術

:  
fra

ct
io

na
l 

pe
rm

iss
io

n/
ca

pa
bi

lit
y/

ow
ne

rs
hi

p 
•
順
序
関
係
に
基
づ
く
定
義
の
近
似

 
•
例

: [
Te

ra
uc

hi
, P

LD
I 2

00
8]

 
•
全
ス
レ
ッ
ド
含
む
シ
ス
テ
ム
全
体
の
合
計

1以
下

 
(を
確
認
で
き
る
型
シ
ス
テ
ム

) 
–

1 
を
持
っ
て
い
な
い
と
，
書
き
込
め
な
い

 
–

0よ
り
多
く

 を
持
っ
て
い
な
い
と
，
読
め
な
い

 
•

Da
ta

 ra
ce

 fr
ee

 
–

1 
を
持
っ
て
い
れ
ば
他
に
読
み
書
き
す
る
ス
レ
ッ
ド
は
い
な
い

 
•
持
つ
量
が
型
の
一
部
，
持
つ
量
に
関
す
る
多
相
性
は
考
え
な

い
範
囲
な
ら

 li
ne

ar
 p

ro
gr

am
m

in
g 

so
lv

er
s で

 
•
ロ
ッ
ク
以
外
の
プ
ロ
ト
コ
ル
に
対
応
で
き
る
の
か

(調
査
中

) 
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お
わ
り
に

 

•
複
数
の
高
水
準
言
語
か
ら
の
共
通
の
型
付
中
間
言

語
 

–
こ
れ
自
体
が
挑
戦
的

 
–
最
終
的
に
は
処
理
系
を
作
り
た
い

 

•
複
数
の
高
水
準
言
語
間
で
，
安
全
な
並
列
処
理

 
–
単
一
言
語
に
お
け
る
安
全
な
並
列
処
理
で
も
課
題

 
–
ま
ず
は
，
型
付
中
間
言
語
に
お
け
る

 d
at

a-
ra

ce
-fr

ee
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高
水
準
で
の
メ
モ
リ
モ
デ
ル

 
(コ
ン
シ
ス
テ
ン
シ

) 
•
さ
ら
に
挑
戦
的

 
•
型
付
中
間
言
語
レ
ベ
ル
で

 d
at

a 
ra

ce
 fr

ee
 で
も
，

高
水
準
言
語
レ
ベ
ル
で
は

 co
ns

ist
en

cy
 が
不
十
分

な
可
能
性

 
–
そ
も
そ
も

 c
on

sis
te

nc
y 
と
は
何
か

 
–
高
水
準

 d
at

a 
ra

ce
 の
概
念

? 
–
複
数
の
高
水
準
言
語

? 
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出
発
点
と
し
て
既
存
技
術
の
組
み
合
せ

 

•
プ
ロ
ト
コ
ル
等
の
実
現

 
–

GP
S 
の
技
術
を
利
用
で
き
る
か

 
•

Co
nc

ur
re

nt
 re

ad
s を
許
す

 
–

Fr
ac

tio
na

l で
 

•
足
り
な
い
部
分

 
–
調
査
中

 
–

Fr
ac

tio
na

l な
所
有
権
に
つ
い
て
は
一
般
の
場
合
は
，

多
相
性

(fr
ac

tio
na

lな
所
有
権
を
半
分
に
す
る
な
ど

)も
ほ
し
い
．
推
論
し
な
い
な
ら
可
能
か
．
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A
se

m
an

ti
cs

of
ty

p
e

sy
st

em

t
:
T

f
:
A

→
B

f
:
∀
x
:
A
.B

S
et

th
eo

ry
t

is
a

el
em

en
t

of
S
et

(C
la

ss
?)

T
f

is
a

fu
n
ct

io
n

fr
om

A
to

B
f

is
a

fu
n
ct

io
n

w
h
ic

h
m

ap
s
a

in
to

so
m

e
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em
en

t
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B
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)

P
ro
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m
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g
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h
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e
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p
e
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f
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p
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w
h
os

e
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e
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p
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f
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t
ty

p
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n
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n
(p

ro
gr
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P
ro
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eo
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t
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a
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o
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pr
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os
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n
T

f
is

a
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o
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pr
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os
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n
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⇒
B

f
is

a
pr

o
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n
∀
x
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(x
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E
C

C

◮
E
C

C
is

a
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n
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C

C
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P
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)[
6
]

◮
C

C
is

th
e

st
ro

n
ge

st
ty

p
e

sy
st

em
in
λ
-C

u
b
e

◮
E
C

C
=

C
C

+
U

n
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sa

l
T
yp

e
(+

Σ
-T
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e)

◮
C
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=

C
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+
U

n
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sa

l
T
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e
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o)
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d
u
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T
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e
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C
o
q
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p
e
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e
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C
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D
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E
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M
er

it
of

“P
ro

p
”

◮
“P

ro
p
”

en
ab

le
s

to
re

pr
es

en
t

of
h
ig

h
er

or
d
er

lo
gi

c
◮

T
h
e

ty
p
e

o
f

“
P

re
d
ic

at
e

on
T
yp

e
‘A

’
”

is
A

→
P
ro
p

◮
∀
P

:
A

→
P
ro
p
,Q

(P
)
:
P
ro
p

◮
“P

ro
p
”

re
pr

es
en

ts
ot

h
er

lo
gi

ca
l
sy

m
b
ol

s
as

fo
llo

w
s:

◮
⊥

:=
∀
P

:
P
ro
p
.P

◮
¬
A

:=
A

→
⊥

◮
∃
x
:
A
.B

:=
∀
P

:
P
ro
p
.(
∀
x
:
A
,(
B
(x
)
→

P
))

→
P

◮
A
∧
B

:=
∀
P

:
P
ro
p
.(
A

→
B

→
P
)
→

P
◮
A
∨
B

:=
∀
P

:
P
ro
p
.(
A

→
P
)
→

(B
→

P
)
→

P
◮
A

↔
B

:=
A

→
B

∧
B

→
A

◮
x
=

A
y
:=

∀
P

:
P
ro
p
,P

x
↔

P
y

T
yp

in
g-

R
u

le
2 Γ
⊢
P
ro
p
:
T
y
p
e i

Γ
⊢
T
y
p
e i

:
T
y
p
e i

+
1

Γ
⊢
A

:
P
ro
p

Γ
⊢
A

:
T
y
p
e i

Γ
⊢
A

:
T
y
p
e i

Γ
⊢
A

:
T
y
p
e i

+
1

Γ
⊢
A

:
T
y
p
e i

Γ
;(
x
:
A
)
⊢
B

:
T
y
p
e j

Γ
⊢
∀
x
:
A
.B

:
T
y
p
e m

a
x
(i
,j
)

Γ
⊢
A

:
P
ro
p

Γ
;(
x
:
A
)
⊢
B

:
T
y
p
e j

Γ
⊢
∀
x
:
A
.B

.T
y
p
e j

Γ
⊢
A

:
T
y
p
e i

Γ
;(
x
:
A
)
⊢
Q

:
P
ro
p

Γ
⊢
∀
x
:
A
.Q

:
P
ro
p

Γ
⊢
P

:
P
ro
p

Γ
;(
x
:
A
)
⊢
Q

:
P
ro
p

Γ
⊢
∀
x
:
P
.Q

:
P
ro
p

T
yp

in
g-

R
u
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Γ
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x
:
A
)
⊢
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Γ
⊢
∀
x
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A
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T
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p
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Γ
⊢
λ
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A
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:
∀
x
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Γ
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x
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A
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Γ
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∀
x
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A
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:
P
ro
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Γ
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λ
x
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.t
:
∀
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A
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Γ
⊢
u
:
∀
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Γ
⊢
v
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⊢
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v
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B
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\
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(x
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A
)
∈
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Γ
⊢
A
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T
y
p
e i

Γ
⊢
x
:
A

(x
:
A
)
∈

Γ
Γ
⊢
A

:
P
ro
p

Γ
⊢
x
:
A

Γ
⊢
x
:
A

A
=

β
B

Γ
⊢
x
:
B

D
efi

n
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T
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m
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C
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C
)

D
efi

n
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io
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er

m
)

◮
T
y
p
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rm
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=

0,
1,
2,
3,
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.

◮
P
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te
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◮
x
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te
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V
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◮
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is
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→
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.

D
efi

n
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(C
on

te
xt

)

◮
[]

is
a

C
on

te
xt

.

◮
If
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D
ep

en
d

en
t

F
u

n
ct

io
n

D
efi

n
it

io
n

(D
ep

en
d

en
t

F
u

n
ct

io
n

)

L
et
A

b
e

a
se
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Preparing formal specifications: uses of semi-formal
methods in the concept phase of a system design

Shunsuke YATABE
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This is a joint work with Takashi MORI1, Kenji TAGUCHI, Hideki Nishihara,
Daisuke SOUMA2.
West Japan Railway Company (JR West) and the National Institute of Advanced

Industrial Science and Technology (AIST, Japan) are working together to develop
radio based train control system named JRTC-W based on JRTC(Japan Radio Train
Control System) standard. JRTC is a Japanese Industrial Standard and it is not defined
systems specification but requires least requirements of train control system using radio
communication. JRTC requires compatibility between various manufactures and other
existing systems.
To insure these requirements, the railway operator (JR West) has to prepare various

documents like specifications. Needless to say, system development is collaborative
work with the operator and manufacturers and therefore the most important thing is
to communicate without misunderstandings. However such misunderstandings often
occur: we have a lot of seeds of misunderstandings such as logical ambiguity, implicit
knowledge, difference of common senses, and difference of word definition. Preventing
these seeds of misunderstandings is very important.
It is well-known that to fix formal languages and writing specifications in such

formal language prevents these seeds of misunderstandings. However, they are not so
useful for the railway operator: the operator concerns the concept phase, the system
definition phase and the system requirement phase, but these formal languages are
designed to be used in more detailed design phase like Design and implementation
phase. The operator deals with very rough and naive concepts which are very difficult
to be formalized. Therefore it is easier to write specifications in natural language for
the operator.
In this sense, we need some sort of semi-formal methods, which are enough flexible

to write rough ideas in the concept phase, and which are enough strict to exclude the
possibility of misunderstandings in the later phase. Recently, the needs of such method
is increasing day and day: it is getting more important for railway operators to write
documents without logical ambiguity because we have to reference international stan-
dards such as IEC62278(RAMS) to manage railway signaling equipment development
[3]. But these RAMS requirements are not easy to understand for non-English speak-
ers. To help our understanding for RAMS, we do want to clarify objectives, inputs,
outputs and requirements for each RAMS phase by using semi-formal methods.

1Train Control Systems Team, Technical Research and Development Department, Railway Opera-
tions HQ, West Japan Railway Company, Osaka, Japan

2Research Institute for Secure Systems, National Institute of Advanced Industrial Science and
technology, Japan
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In this talk, we introduce a few such methods, as meta-models, GSN (Goal Struc-
turing Notation) chart for each phase and relationship chart for each requirement in
RAMS [1], and traceability information models [2] to make sure the traceability among
these RAMS documents. These charts help us to determine effectives for inputs and
outputs between requirements in RAMS.
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Computer Science, U. of York, 1998.

[2] P. Mader, P. L. Jones, Y. Zhang, J. Cleland-Huang, Strategic Traceability for Safety-Critical
Projects, IEEE Software, pp58-66, 2013

[3] IEC 62278: Ed.1.0:2002/EN 50126:1999, Railway applications― specification and demonstration
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Theorem Proving and Provers for Reliable Theory and Implementations

December 3-5, 2014, Nishijin Plaza, Kyushu University, Fukuoka, Japan

Formalizing a coding theory

Takefumi SAIKAWA

Nagoya University

We are working on formalizing the core properties of Reed-Solomon codes. The presen-
tation of the theory tightly follows the one given in Hagiwara’s textbook[3]. As this is
an unfinished work with almost no result yet, we can only present our objecives. First,
we are trying to completely understand this basic theory. We shall be able to find every
detail and necessary technicalities by formalizing it. After completing this first step,
we expect that we can extend our formalization to more advanced coding theories such
as BCH codes and Gabidulin codes. Second, we are benchmarking the applicability of
the ssreflect/mathcomp library[1] which is provided for the proof assitant coq[2]. The
mathcomp library contains many results of algebra, yet it was originally developed to
deal with a specific result in group theory. We want to find mismatches between the
library and our use, if there is any. And last, we are examining the effectiveness of
a method to debug a book by formalizing it. So far our development have success-
fully pointed out in the textbook[3] the need of a few corrections which are more than
typos, i.e., which actually affect the theory. We expect that this method can correct
errors more consistently than usual reviewing process. Aside from these objectives,
we propose some possible improvements in the graphical interface of coq. We plan to
implement them in parallel to the development of our formalization.

References

[1] http://ssr.msr-inria.inria.fr/
[2] http://coq.inria.fr/
[3] 萩原学, 「符号理論」, 2012, 日本評論社.
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TPP2014

Theorem Proving and Provers for Reliable Theory and Implementations

December 3-5, 2014, Nishijin Plaza, Kyushu University, Fukuoka, Japan

Mathematical Components and Algebraic Numbers

Cyril COHEN

Inria Sophia Antipolis – Méditerranée, France

The Mathematical Components project spanned 6 years and involved 15 people, with
the purpose of formalizing a proof of Feit-Thompson theorem [1] (also known as the
odd order theorem), which is a milestone in the classification of finite groups. The
proof relies on various areas in mathematics, including group theory, linear algebra,
representation theory, Galois theory,... The project succeeded in formalizing the proof
thanks to the development of a large set of libraries and methodologies covering the
mathematics. One of the main achievements of the project, besides the formalization
of the main theorem, is this set of libraries, which were designed to be reused. They
were indeed reused in other developments such as, for example, in formalizations on
homological algebra, elliptic curves, Shannon’s information theory, error correcting
codes,... My personal contribution to the Mathematical Components libraries was to
build algebraic numbers and the tools to construct and use them. In this talk [2], I
will give an overview of the project, its library and I will detail my own contributions.

References

[1] G. Gonthier, A. Asperti, J. Avigad, Y. Bertot, C. Cohen, F. Garillot, S. Le Roux, A. Mahboubi,
R. O’Connor, S. Ould Biha, I. Pasca, L. Rideau, A. Solovyev, E. Tassi, L. Théry. A Machine-
Checked Proof of the Odd Order Theorem. In ITP 2013, 4th Conference on Interactive Theorem
Proving, pages 163–179, 2013.

[2] C. Cohen. http://www.cyrilcohen.fr/papers/slides_TPP2014.pdf
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IG
Sと
は

•
対
話
型
幾
何
ソ
フ
ト
ウ
エ
ア
（

In
te

ra
ct

iv
e 

ge
om

et
ry

 sy
st

em
)の
略
で
す
．

•
主
に
マ
ウ
ス
操
作
に
よ
っ
て
平
面
（
最
近
で
は
３

Dの
も
の
も
多
い
）
に
作
図
し
て
い
く
機
能
を
持
つ
ソ
フ
ト

ウ
エ
ア
で
す
．

•
作
図
手
順
が
記
録
さ
れ
て
い
る
の
で
，
作
図
を
し
た

後
か
ら
頂
点
な
ど
の
幾
何
要
素
を
動
か
す
こ
と
が
で

き
ま
す
（
実
演
し
ま
す
）
．

大
ま
か
な
内
容

•
IG

S 
の
紹
介

•
自
動
定
理
証
明
機
能

•
シ
ン
デ
レ
ラ
・

Ki
ds

Ci
nd

yの
紹
介

•
IG

Sに
潜
む
問
題
点
と
そ
の
解
決

•
シ
ン
デ
レ
ラ
・

Ki
ds

Ci
nd

yに
お
け
る
自
動
定
理
証
明

機
能
の
ア
ル
ゴ
リ
ズ
ム

自
己
紹
介

•
明
治
大
学
総
合
数
理
学
部
先
端
メ
デ
ィ
ア
サ
イ

エ
ン
ス
学
科
の
阿
原
一
志
で
す
．

•
専
門
は
位
相
幾
何
学
に
関
す
る
研
究
支
援
ソ
フ
ト

ウ
エ
ア
開
発
で
す
．

•
こ
れ
ま
で
開
発
し
た
主
な
ソ
フ
ト
ウ
エ
ア
は

Te
ru

ak
i

（
写
像
類
群
ソ
フ
ト
）
，

Ki
ds

Ci
nd

y（
動
的
幾
何
学
ソ

フ
ト
）
で
す
．

•
機
械
証
明
，
グ
レ
ブ
ナ
ー
基
底
の
ど
ち
ら
も
専
門
外

で
す
．

対
話
型
幾
何
ソ
フ
ト
ウ
エ
ア
と
自
動
証
明

—
シ
ン
デ
レ
ラ
と
キ
ッ
ズ
シ
ン
デ
ィ

阿
原
一
志
（
明
治
大
学
）

Ka
zu

sh
i A

HA
RA

 (M
ei

ji 
un

iv
er

sit
y)

In
te

ra
ct

iv
e 

ge
om

et
ry

 so
ftw

ar
e 

an
d 

au
to

m
at

ed
 th

eo
re

m
 p

ro
vi

ng
-C

in
de

re
lla

 a
nd

 K
id

sC
in

dy
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自
動
定
理
証
明
機
能

•
多
く
の

IG
Sに
は
自
動
定
理
証
明
機
能
が
搭
載
さ
れ
て

い
ま
す
．
（
実
演
し
ま
す
．
）

•
シ
ン
デ
レ
ラ
は
ソ
ー
ス
コ
ー
ド
を
公
開
し
て
お
ら
ず
，
ど

の
よ
う
な
方
法
で
自
動
定
理
証
明
を
し
て
い
る
か
は
わ

か
り
ま
せ
ん
．

•
シ
ン
デ
レ
ラ
の
本
に
は
「
十
分
い
ろ
い
ろ
な
場
合
を
試
し

て
み
れ
ば
そ
の
正
し
さ
が
わ
か
る
」
と
い
う
よ
う
な
記
述

は
あ
っ
た
の
で
す
が
，
数
学
的
な
裏
付
け
は
書
か
れ
て

お
ら
ず
，
ど
の
よ
う
な
ア
ル
ゴ
リ
ズ
ム
で
あ
る
か
は
わ
か

り
ま
せ
ん
．
（
実
は
今
で
も
知
り
ま
せ
ん
．
）

Ki
ds

Ci
nd

yを
作
っ
た
理
由

•
日
本
語
版
シ
ン
デ
レ
ラ
の
普
及
が
進
ま
な
か
っ
た
の

は
，
高
校
教
員
に
紹
介
す
る
機
会
が
あ
ま
り
得
ら
れ

な
か
っ
た
た
め
な
の
で
す
が
，
当
時
は
「
有
償
ソ
フ
ト

な
の
が
い
け
な
い
の
か
も
し
れ
な
い
」
と
考
え
て
い

ま
し
た
．

•
そ
の
こ
と
か
ら
似
た
機
能
を
持
つ
フ
リ
ー
ソ
フ
ト
を

作
っ
て
み
る
こ
と
に
し
た
の
が

Ki
ds

Ci
nd

yで
す
．

•
そ
こ
で
障
壁
に
な
っ
た
の
が
「
自
動
定
理
証
明
機

能
」
で
す
．

主
な

IG
S

•
コ
レ
テ
ン
カ
ン
プ
氏
（
シ
ン
デ
レ
ラ
の
作
者
）
が
数
年
前

に
数
え
た
と
こ
ろ
に
よ
る
と

10
0種
類
以
上
の

IG
Sが
あ

る
そ
う
で
す
．

•
初
期
に
は
カ
ブ
リ
と
シ
ン
デ
レ
ラ
が
主
流
で
し
た
．
阿
原

の
近
辺
で
は

ge
og

eb
ra

,
KS

EG
な
ど
が
あ
り
ま
し
た
．

•
カ
ブ
リ
は
高
価
で
し
た
が
，
日
本
に
一
定
数
の
ユ
ー

ザ
ー
が
い
ま
し
た
．
そ
の
後
，
シ
ン
デ
レ
ラ
の
日
本
語
版

作
成
の
お
手
伝
い
を
し
ま
し
た
が
，
日
本
で
の
反
応
は

い
ま
ひ
と
つ
で
し
た
．

IG
Sの
特
性

•
IG

S開
発
に
お
け
る
大
切
な
こ
と

–
対
話
的
な
高
校
数
学
教
材
を
作
る
こ
と
が
で
き
ま
す
．

–
作
図
後
に
図
を
動
か
す
こ
と
に
よ
り
，
ユ
ー
ザ
ー
は
作
図

の
中
に
普
遍
性
を
発
見
す
る
こ
と
が
で
き
ま
す
．

–
「
コ
ン
パ
ス
と
定
規
に
よ
る
作
図
問
題
」
へ
の
試
行
錯
誤

が
容
易
に
で
き
ま
す
．

–
平
面
幾
何
の
自
動
定
理
証
明
に
よ
り
，
非
自
明
な
関
係

性
を
見
つ
け
る
の
に
役
立
ち
ま
す
．
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W
uの
方
法

3
•
た
と
え
ば
，
変
数
が
𝑥𝑥 1

,𝑢𝑢
1,
𝑢𝑢 2
に
限
ら
れ
て
い
る
と
し
て
，
𝑓𝑓 1
が

ℎ 1
𝑢𝑢 1

,𝑢𝑢
2
𝑥𝑥 1

+
ℎ 2

(𝑢𝑢
1,
𝑢𝑢 2

)=
0

--(
*)

の
形
で
得
ら
れ
て
い
る
と
仮
定
し
ま
し
ょ
う
．

•
𝑔𝑔(
𝑥𝑥 1

,𝑢𝑢
1,
𝑢𝑢 2

)の
𝑥𝑥 1
を
消
去
す
る
た
め
に
，

ℎ 1
𝑢𝑢 1

,𝑢𝑢
2

𝑠𝑠 𝑔𝑔
(𝑥𝑥

1,
𝑢𝑢 1

,𝑢𝑢
2)

---
(*

*)
を
計
算
し
て

(こ
こ
で
，
𝑠𝑠は

𝑔𝑔(
𝑥𝑥 1

,𝑢𝑢
1,
𝑢𝑢 2

)に
お
け
る
𝑥𝑥 1
の
次
数

)，
こ
の

式
(*

*)
に
式

(*
)を
代
入
す
る
こ
と
に
よ
り
𝑥𝑥 1
を
消
去
す
る
こ
と
が
で
き
ま

す
．
（
擬
剰
余
）

•
す
る
と
，

ℎ 1
𝑢𝑢 1

,𝑢𝑢
2

𝑠𝑠 𝑔𝑔
(𝑥𝑥

1,
𝑢𝑢 1

,𝑢𝑢
2)
≡
∃𝑔𝑔

0(
𝑢𝑢 1

,𝑢𝑢
2)

m
od

. (
𝑓𝑓 1

,𝑓𝑓 2
,…

)
と
あ
ら
わ
せ
ま
す
．

•
計
算
の
結
果
，
𝑔𝑔 0

=
0で
あ
っ
た
と
し
ま
し
ょ
う
．
す
る
と
ℎ 1

=
0
ま
た
は

𝑔𝑔
=

0
が
想
定
さ
れ
ま
す
．
前
者
は
「
図
が
崩
れ
て
し
ま
う
場
合
」
，
後
者

は
「
定
理
が
成
立
」
と
い
う
形
の
結
論
を
得
る
こ
と
が
で
き
ま
す
．

W
uの
方
法

2

•
目
標
は

𝑄𝑄[
𝑢𝑢 1

,𝑢𝑢
2,

…
,𝑥𝑥
1,
𝑥𝑥 2

,…
]/

(𝑓𝑓
1,
𝑓𝑓 2

,…
)

の
な
か
で
，
𝑔𝑔(
𝑢𝑢 1

,𝑢𝑢
2,

…
,𝑥𝑥
1,
𝑥𝑥 2

,…
)が

0と
等
し
い
こ
と
を
証

明
す
る
こ
と
で
す
．

•
も
し
，
𝑥𝑥 1

,𝑥𝑥
2,

…が 𝑥𝑥 1
=
ℎ 1

(𝑢𝑢
1,
𝑢𝑢 2

,…
),

𝑥𝑥 2
=
ℎ 2

(𝑥𝑥
1,
𝑢𝑢 1

,𝑢𝑢
2,

…
),

𝑥𝑥 3
=
ℎ 3

(𝑥𝑥
1,
𝑥𝑥 2

,𝑢𝑢
1,
𝑢𝑢 2

,…
),

…
と
い
う
形
で
得
ら
れ
る
の
で
あ
れ
ば
，
こ
れ
ら
を
順
に
𝑔𝑔に
代
入

す
れ
ば
よ
い
わ
け
で
す
が
，
多
く
の
作
図
で
は
そ
の
よ
う
な
形

で
得
ら
れ
ま
せ
ん
．

W
uの
方
法

1

•
古
典
的
に
は
「

W
uの
方
法
」
が
よ
く
知
ら
れ
て
い
ま
す
．

•
自
由
に
動
か
せ
る
点
の
座
標
を
変
数
𝑢𝑢 1

,𝑢𝑢
2,

…
で
表
し
，

自
由
な
点
か
ら
作
図
に
よ
っ
て
求
め
ら
れ
る
点
の
座
標

を
変
数
𝑥𝑥 1

,𝑥𝑥
2,

…で
あ
ら
わ
し
，
そ
の
関
係
式
を

𝑓𝑓 1
(𝑥𝑥

1,
𝑢𝑢 1

,𝑢𝑢
2,

…
)=

0,
𝑓𝑓 2

(𝑥𝑥
1,
𝑥𝑥 2

,𝑢𝑢
1,
𝑢𝑢 2

,…
)=

0,
𝑓𝑓 3

(𝑥𝑥
1,
𝑥𝑥 2

,𝑥𝑥
3,
𝑢𝑢 1

,𝑢𝑢
2,

…
)=

0,
…

•
で
表
し
ま
す
．

•
結
論
と
な
る
命
題
を

𝑔𝑔(
𝑢𝑢 1

,𝑢𝑢
2,

…
𝑥𝑥 1

,𝑥𝑥
2,

…
)=

0
の
形
に
表
現
し
ま
す
．

コ
ン
ピ
ュ
ー
タ
幾
何
学

•
「
コ
ン
ピ
ュ
ー
タ
幾
何
学
」
と
い
う
本
を
出
版
い
た
し
ま

し
た
．
（
数
学
書
房
，

20
14
年
）

•
前
半
で
は
，

IG
Sに
お
け
る
計
算
ア
ル
ゴ
リ
ズ
ム
に

つ
い
て
紹
介
し
て
い
ま
す
．
（
後
半
は
別
の
話
題
に

つ
い
て
説
明
し
て
い
ま
す
．
）

•
IG

Sに
お
け
る
自
動
定
理
証
明
の
ア
ル
ゴ
リ
ズ
ム
に

つ
い
て
も
解
説
し
て
い
ま
す
．
今
日
は
そ
の
内
容
を

ご
紹
介
し
ま
す
．
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シ
ン
デ
レ
ラ
は

W
uの
方
法
を
使
っ
て
い
ま
せ
ん
．

•
シ
ン
デ
レ
ラ
を
説
明
し
た
本
で
，
著
者
（
か
つ
，
シ
ン
デ
レ
ラ
の

作
者
）
で
あ
る
コ
ル
テ
ン
カ
ン
プ
は
自
動
定
理
証
明
機
能
に
つ

い
て
次
の
よ
う
に
言
っ
て
い
ま
す
．

•
Ci

nd
er

el
la

 d
oe

s n
ot

 u
se

 sy
m

bo
lic

 m
et

ho
ds

 to
 cr

ea
te

 a
 

fo
rm

al
 p

ro
of

, b
ut

 a
 te

ch
ni

qu
e 

ca
lle

d 
‘R

an
do

m
ize

d 
Th

eo
re

m
 C

he
ck

in
g.’

 F
irs

t t
he

 co
nj

ec
tu

re
 “I

t s
ee

m
s t

ha
t 

lin
e 
k

al
w

ay
s p

as
se

s t
hr

ou
gh

 p
oi

nt
 K

” i
s g

en
er

at
ed

.  
Th

en
 th

e 
co

nf
ig

ur
at

io
n 

is 
m

ov
ed

 in
to

 m
an

y 
di

ffe
re

nt
 

po
sit

io
ns

 a
nd

 fo
r e

ac
h 

of
 th

es
e 

it 
is 

ch
ec

ke
d 

w
he

th
er

 
th

e 
co

nj
ec

tu
re

 st
ill

 h
ol

ds
.  

It 
m

ay
 so

un
d 

rid
icu

lo
us

, b
ut

 
ge

ne
ra

tin
g 

en
ou

gh
 (!

) r
an

do
m

(!)
 e

xa
m

pl
es

 w
he

re
 th

e 
th

eo
re

m
 h

ol
ds

 is
 a

t l
ea

st
 a

s c
on

vi
nc

in
g 

as
 a

 co
m

pu
te

r-
ge

ne
ra

te
d 

sy
m

bo
lic

 p
ro

of
.

W
uの
方
法
（
実
例
）
３

•
𝑔𝑔

=
𝑥𝑥 52

+
𝑥𝑥 62

−
𝑥𝑥 5
−
𝑢𝑢 1

2
−
𝑥𝑥 62

か
ら
始
め
て
，
𝑥𝑥 6

,𝑥𝑥
5,

…
,𝑥𝑥
1の
順
番
に
文
字
を
消

去
し
て
い
く
．
そ
の
結
果

4𝑢𝑢
13 (𝑥𝑥

2
−
𝑥𝑥 4

)𝑔𝑔
(𝑢𝑢

1,
𝑥𝑥 1

,…
,𝑥𝑥

6)
≡

0
𝑚𝑚
𝑚𝑚𝑚𝑚

.(
𝑓𝑓 1

,𝑓𝑓 2
,…

,𝑓𝑓 6
)

を
示
す
こ
と
が
で
き
る
．

•
𝑢𝑢 1

=
0⇔

A=
B，

𝑥𝑥 2
−
𝑥𝑥 4

=
0⇔

C=
D

で
あ
る
こ
と
を
考
え
れ
ば
，

A≠
B,

C
≠D
の
仮
定
の
も

と
に

AE
=E

Bが
示
さ
れ
る
こ
と
が
わ
か
る
．

W
uの
方
法
（
実
例
）
２

AB
=A

C
(1

)  
𝑢𝑢 12

−
𝑥𝑥 12

−
𝑥𝑥 22

=
0

AB
=B

C
(2

)  
𝑢𝑢 12

−
𝑥𝑥 1
−
𝑢𝑢 1

2
−
𝑥𝑥 22

=
0

AB
=A

D 
(3

) 
𝑢𝑢 12

−
𝑥𝑥 32

−
𝑥𝑥 42

=
0

AB
=B

D
(4

)  
𝑢𝑢 12

−
𝑥𝑥 3

−
𝑢𝑢 1

2
−
𝑥𝑥 42

=
0

C,
D,

Eは
同
一
直
線
上

(5
)  
𝑥𝑥 1

𝑥𝑥 4
+
𝑥𝑥 2
𝑥𝑥 5

+
𝑥𝑥 3
𝑥𝑥 6

−𝑥𝑥
1𝑥𝑥

6
−
𝑥𝑥 2
𝑥𝑥 3
−
𝑥𝑥 4
𝑥𝑥 5

=
0

A,
B,

Cは
同
一
直
線
上

(6
)  
𝑢𝑢 1
𝑥𝑥 6

=
0

𝑓𝑓 1
=(

2)
-(1

)
=

2𝑥𝑥
1𝑢𝑢

1
−
𝑢𝑢 12

𝑓𝑓 2
=(

1)
=
𝑢𝑢 12

−
𝑥𝑥 12

−
𝑥𝑥 22

𝑓𝑓 3
=(

4)
-(3

)
=

2𝑥𝑥
3𝑢𝑢

1
−
𝑢𝑢 12

𝑓𝑓 4
=(

3)
=
𝑢𝑢 12

−
𝑥𝑥 32

−
𝑥𝑥 42

𝑓𝑓 5
=
𝑢𝑢_

1(
5)
−(
𝑥𝑥 3
−
𝑥𝑥 1

)(6
)

=
𝑢𝑢 1

(𝑥𝑥
1𝑥𝑥

4
+
𝑥𝑥 2
𝑥𝑥 5

−𝑥𝑥
2𝑥𝑥

3
−
𝑥𝑥 4
𝑥𝑥 5

)
𝑓𝑓 6

=(
6)

=
𝑢𝑢 1
𝑥𝑥 6

W
uの
方
法
（
実
例
）
１

𝐴𝐴(
0,0

),
𝐵𝐵(
𝑢𝑢 1

,0
),

𝐶𝐶(
𝑥𝑥 1

,𝑥𝑥
2)

,𝐷𝐷
(𝑥𝑥

3,
𝑥𝑥 4

),
𝐸𝐸(
𝑥𝑥 5

,𝑥𝑥
6)

AB
=A

C
𝑢𝑢 12

−
𝑥𝑥 12

−
𝑥𝑥 22

=
0

AB
=B

C
𝑢𝑢 12

−
𝑥𝑥 1
−
𝑢𝑢 1

2
−
𝑥𝑥 22

=
0

AB
=A

D 
𝑢𝑢 12

−
𝑥𝑥 32

−
𝑥𝑥 42

=
0

AB
=B

D
𝑢𝑢 12

−
𝑥𝑥 3

−
𝑢𝑢 1

2
−
𝑥𝑥 42

=
0

C,
D,

Eは
同
一
直
線
上

𝑥𝑥 1
𝑥𝑥 4

+
𝑥𝑥 2
𝑥𝑥 5

+
𝑥𝑥 3
𝑥𝑥 6

−𝑥𝑥
1𝑥𝑥

6
−
𝑥𝑥 2
𝑥𝑥 3

−
𝑥𝑥 4
𝑥𝑥 5

=
0

A,
B,

Cは
同
一
直
線
上

𝑢𝑢 1
𝑥𝑥 6

=
0

証
明
し
た
い
性
質

: A
E=

EB
𝑔𝑔

=
𝑥𝑥 52

+
𝑥𝑥 62

−
𝑥𝑥 5

−
𝑢𝑢 1

2
−
𝑥𝑥 62
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こ
の
思
想
の
根
本
的
欠
点
２

•
こ
の
思
想
に
基
づ
い
て
幾
何
の
定
理
証
明
を
試
み

る
た
め
に
は
，
作
図
に
よ
り
き
め
ら
れ
る
「
点
」
や
「
直

線
」
が
自
由
に
動
か
せ
る
要
素
の
位
置
に
か
か
わ

ら
ず
大
域
的
に
決
定
で
き
な
け
れ
ば
な
ら
な
い
．
し

か
し
そ
の
よ
う
な
こ
と
は
不
可
能
で
あ
る
．
（依
存
幾

何
要
素
の
決
定
不
可
能
性
を
コ
ル
テ
ン
カ
ン
プ
自

身
が
論
文
の
中
で
証
明
し
て
い
る
．
）

•
「
円
と
直
線
の
交
点
」
「
円
と
円
の
交
点
」「
２
直
線
の

角
の
２
等
分
線
」
は
大
域
決
定
不
可
能
で
あ
る
．

IG
Sの
静
的
問
題

•
「
作
図
手
順
を
記
述
す
る
こ
と
に
よ
り
，
図
は
一
意

的
に
定
ま
る
か
」
と
い
う
問
題
が
静
的
問
題
で
あ
る
．

答
え
は

NO
で
あ
る
が
，
作
図
を
行
う
数
学
的
枠
組

み
を
拡
張
す
る
こ
と
に
よ
り
，
多
く
の
場
合
は
解
決

可
能
で
あ
る
．

•
コ
ル
テ
ン
カ
ン
プ
は
射
影
平
面
𝑃𝑃2
を
用
い
る
こ
と
に

よ
り
，
無
限
大
の
問
題
（
た
と
え
ば
，
「２
直
線
の
交

点
」
と
い
う
モ
ジ
ュ
ー
ル
に
お
い
て
，
平
行
な
２
直
線

が
入
力
さ
れ
た
場
合
に
ど
の
よ
う
に
出
力
す
る
か
）

を
解
決
し
た
．

こ
の
思
想
の
根
本
的
欠
点
１

•
「
ラ
ン
ダ
ム
な
値
を
代
入
し
て
み
た
結
果
，
式
の
値

が
０
に
な
る
」
と
い
う
こ
と
を
コ
ン
ピ
ュ
ー
タ
の
ソ
フ
ト

ウ
エ
ア
で
実
現
し
よ
う
と
す
る
と
必
ず
計
算
誤
差
が

発
生
す
る
．
「
０
に
な
る
」
こ
と
を
わ
れ
わ
れ
が
判
定

す
る
た
め
に
は
「
十
分
に
０
に
近
い
（
閾
値
の
内
側

で
あ
る
）
」
と
い
う
考
え
方
を
し
て
判
定
す
る
必
要
が

あ
り
，
数
学
的
な
厳
密
さ
を
失
っ
て
し
ま
う
．

阿
原
か
ら
見
た
コ
ル
テ
ン
カ
ン
プ
の
思
想

•
「
点

Kは
直
線

k上
に
あ
る
」
と
い
う
命
題
の
証
明
を
す
る

と
い
う
前
提
で
考
え
ま
す
．

•
自
由
に
動
か
せ
る
点
の
座
標
を
変
数
𝑥𝑥 1

,𝑥𝑥
2,

…と
し
，

従
属
的
に
決
ま
る
点
の
座
標
を
変
数
を
𝑢𝑢 1

,𝑢𝑢
2,

…で
表

す
こ
と
に
す
る
と
，
「
点

Kが
直
線

k上
に
あ
る
」
と
い
う
関

係
性
は
𝑥𝑥 1

,𝑥𝑥
2,

…の
式
（
一
般
に
は
根
号
を
含
む
よ
う
な

式
）
で
表
現
で
き
ま
す
．

•
も
し
𝑥𝑥 1

,𝑥𝑥
2,

…に
「
十
分
に
多
く
の
個
数
の
ラ
ン
ダ
ム
な

値
を
代
入
し
て
み
た
結
果
，
式
の
値
が

0に
な
る
」
の
な

ら
ば
，
そ
の
式
は
そ
も
そ
も

0と
等
し
い
と
結
論
で
き
る
と

考
え
ま
す
．
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Ki
ds

Ci
nd

yに
お
け
る
自
動
定
理
証
明
の
穴

•
Ki

ds
Ci

nd
yで
は
「
正
し
く
な
い
も
の
を
正
し
い
と
判
定

し
て
し
ま
う
」
可
能
性
も
残
っ
て
い
る
．

•
た
と
え
ば
正
１
７
角
形
の
作
図
に
お
い
て
そ
れ
は
発

生
し
う
る
．

co
s(

2𝜋𝜋
/1

7)
の
値
を
十
分
に
近
似
す
る

作
図
で
あ
れ
ば
，
真
の
値
で
な
く
と
も

Ki
ds

Ci
nd

yは
「
正
し
い
」
と
判
定
す
る
．
た
だ
し
，
こ
れ
は
可
能
性
を

指
摘
し
た
だ
け
で
あ
っ
て
，
実
際
に
検
証
し
て
み
た

わ
け
で
は
な
い
．

Ki
ds

Ci
nd

yに
お
け
る
自
動
定
理
証
明
の
有
効
性

•
平
面
幾
何
作
図
に
よ
る
定
理
を
相
当
数
準
備
し
て
，

Ki
ds

Ci
nd

y
が
定
理
判
定
で
き
る
か
ど
う
か
を
確
か
め
た

と
こ
ろ
（
調
査
し
た
範
囲
で
は
）
１
０
０
パ
ー
セ
ン
ト
正
し
く

判
定
し
た
．
（
正
１
７
角
形
の
リ
ッ
チ
モ
ン
ド
に
よ
る
作
図

も
含
む
．
）

•
作
図
手
順
の
個
数
か
ら
想
定
さ
れ
る
累
積
誤
差
を
想

定
し
た
閾
値
を
設
定
し
た
た
め
，
こ
の
よ
う
な
結
果
が
得

ら
れ
た
と
考
え
ら
れ
る
．
（
作
図
手
順
が
１
０
０
０
０
～
１
０

０
０
０
０
と
い
っ
た
定
理
が
も
し
あ
れ
ば
，
判
定
に
失
敗

す
る
こ
と
も
あ
り
う
る
．
一
方
で
，

IG
Sで
は
こ
の
よ
う
な
巨

大
作
図
は
想
定
し
て
い
な
い
．
）

Ki
ds

Ci
nd

yに
お
け
る
自
動
定
理
証
明

•
思
想
と
し
て
は
シ
ン
デ
レ
ラ
に
準
ず
る
．

•
自
由
に
動
か
せ
る
幾
何
要
素
に
つ
い
て
「
上
下
左

右
の
微
動
」
を
独
立
に
行
い
，
そ
れ
ぞ
れ
の
場
合
に

つ
い
て
作
図
を
実
行
し
て
み
て
，
「
点

Kが
直
線
ｋ
上

に
誤
差
付
で
載
っ
て
い
る
か
ど
う
か
」
を
判
定
す
る
．

•
す
べ
て
の
微
動
に
つ
い
て
判
定
が

OK
で
あ
れ
ば
，

数
学
の
定
理
と
し
て
非
常
に
確
か
ら
し
い
と
判
断
す

る
．

IG
Sの
動
的
問
題

•
「
自
由
に
動
か
せ
る
要
素
を
連
続
的
に
動
か
し
た
場

合
，
作
図
全
体
も
連
続
的
に
動
か
せ
る
か
」と
い
う

問
題
が
動
的
問
題
で
あ
る
．
こ
れ
も
答
え
は

NO
で

あ
る
．
し
か
し
作
図
平
面
を
複
素
射
影
平
面

(𝑃𝑃
2 (
𝐶𝐶)

)に
す
る
こ
と
に
よ
り
，
作
図
要
素
を
代
数
多

様
体
の
上
で
考
え
る
こ
と
へ
と
帰
着
し
，
そ
の
多
く
は

解
決
す
る
こ
と
が
コ
ル
テ
ン
カ
ン
プ
に
よ
り
指
摘
さ
れ

た
．
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TPPmark2014

1 Question

Let N = {0, 1, 2, 3, · · · } be the set of all natural numbers, p ∈ N and q ∈ N. We denote
(p mod q) = r if and only if there exist k ∈ N and r ∈ N such that p = kq + r and
0 � r < q. Further, we denote (q | p) if and only if (p mod q) = 0. Prove the following
questions:

(i) For any a ∈ N, (a2 mod 3) = 0 or (a2 mod 3) = 1.

(ii) Let a ∈ N, b ∈ N and c ∈ N. If a2 + b2 = 3c2 then (3 | a), (3 | b) and (3 | c).

(iii) Let a ∈ N, b ∈ N and c ∈ N. If a2 + b2 = 3c2 then a = b = c = 0.

2 List of Authors

All answers are stored in the github repository.
Cf. https://github.com/KyushuUniversityMathematics/TPP2014/wiki

1. Adam Chlipala (Coq (290 lines))

2. Cyril Cohen (Ssreflect (35 lines))

3. Daisuke Sato (Coq (250 lines))

4. Fadoua Ghourabi (Isabelle/HOL (282 lines))

5. Jaques Garrigues (Coq (190 lines))

6. Kazuhiko Sakaguchi (Ssreflect (55 lines))

7. Kazuhisa Nakasho (Mizar (175 lines))

8. Kei Tsujimoto (HOL Light (58,175,39 lines))

9. Keishi Suda (Ssreflect (55 lines))

10. Masahiro Sakai (Agda (528 lines))

11. Masahiro Sato (Coq (1153 lines))

12. Mitsuharu Yamamoto (Ssreflect (44 lines), HOL4 (69 lines))

13. Sosuke Moriguchi (Coq (503 lines))

14. Takashi Miyamoto (Coq (239 lines))

15. Yoichi Hirai (Ssreflect (64 lines))
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3 Answers

1. Author: Adam Chlipala
System: Coq 8.4pl4
Abstract: I decided, somewhat arbitrarily, to only use those modules of Coq’s
standard library that I’m already familiar with, which turned out to encompass
only facts that the tactics [omega] or [ring] could prove.
I also specialized modular arithmeic to modulus 3.
Finally, I’m going for high automation, especially in the proofs that are specified
to the challenge problems and go beyond basic modular-arithmetic facts.

2. Author: Cyril Cohen
System: Coq 8.4pl4 + ssreflect 1.5.0 + mathcomp 1.5.0
Abstract: We prove Lemma 1, Lemma 2 (without using Lemma 1) and Lemma
3 (using Lemma 2, and not Lemma 1) directly, using the mathcomp libraries
(mostly ssrnat, div and prime). The formal proofs follow closely the following
informal proofs:
Lemma 1 is a simple case analysis over the three possible values that a %% 3
can take, so we first introduce the proof that a %% 3 < 3 and we do three cases
on a %% 3.
For Lemma2 it suffices to show that a and b are divisible by 3. Indeed, then 3
divides c2 and by Euclid’s lemma, 3 divides c. Then, since a2 + b2 = 0 modulo
3, we prove by case analysis on (a %% 3) and (b %% 3) that the only possible
values they can take is 0. (We do not use Lemma 1 as it seems shorter to redo
directly the case analysis we did in the proof of Lemma 1).
In Lemma 3, we begin with a strong induction on c (i.e. we prove the statement
for c = 0 and then we prove it for any c smaller than n+1, with the induction
hypothesis saying the statement is true for any c smaller than n). Indeed:

• When c is 0, then a2 + b2 is 0, which means a is 0 and b is 0.

• If c is smaller than n+1, we show that (a / 3)2 + (b / 3)2 = 3 (c / 3)2, and
apply the induction hypothesis to this identity.

NB: The induction scheme is generated on the fly using the ssreflect elim com-
mand.

3. Author: Daisuke Sato
System: Coq

4. Author: Fadoua Ghourabi
System: Isabell/HOL
Abstract: I use Isar (Wenzel, 1999), which is an extension of Isabelle/HOL, in
an attempt to write structured proofs. The proofs use rules from Isabelle/HOL
theories for semi-ring and ordering. In the proofs of (i) and (ii), I apply algebraic
simplifications that are allowed in a semi-ring. In order to prove (iii), I first show
that c = 0, then the rest is straightforward. I assume that c is not null. I define
a set S = c. c > o /\ Exists a b. aˆ2+bˆ2 = 3cˆ2 and obtain its minimal element
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cmin since relation < is well-founded over the natural numbers. Furthermore,
using (ii), I prove the intermediate lemma asserting that if aˆ2+bˆ2=3cˆ2 then (a
div 3)ˆ2 + (b div 3)ˆ2 = 3*(c div 3)ˆ2. Hence, (cmim div 3) is in S which leads
to a contradiction ((cmim div 3) < cmim).

5. Author: Jacques Garrigue
System: Coq-8.4pl3
Abstract: This is a rather dumb proof written in plain Coq.

6. Author: Kazuhiko Sakaguchi
System: Coq 8.4pl4, Ssreflect 1.5, MathComp 1.5
Abstract:
https://github.com/pi8027/tppmark/blob/master/2014/solution.v

7. Author: Kazuhisa Nakasho
System: Mizar 8.1.03-5.25.1218
Abstract: Those proofs are written in Mizar language.
The followings are the proof sketches:
EX1) 3 cases (a mod 3 = 0 or 1 or 2) are checked.
EX2) 4 cases (aa mod 3 = 0 or 1) x (bb mod 3 = 0 or 1) are checked.
EX3) Based on minimal counterexample technique. If c0 is assumed to be a
minimum natural number that satisfies a0a0 + b0b0 = 3(c0c0), then there exists
a natural number c1 = c0/3 that satisfies the equivalent by EX2. That is contra-
diction.
A html-based Mizar proof can be obtained at the same repository. Please down-
load the html file and open on your local computer. If you want to know the
meaning of any terms, you can click them to jump to their definitions.

8. Author: Kei Tsujimoto
System: HOL Light (r205)
Abstract:
20141115.ml : Simple proofs in “set goal” and “expand” style.
20141124.ml : Alternative proofs in “prove” style.
20141130.ml : Towards automated theorem proving with Prover9.

9. Author: Keishi Suda
System: Coq 8.4pl4, Ssreflect 1.5, MathComp 1.5
Abstract: I tried to construct simple proof.

10. Author: Masahiro Sakai
System:

• Agda-2.4.2.1

• agda-stdlib-0.9

Abstract: Straightforward proofs using Agda and Agda standard library. We
use ≡-Reasoning module to stylize equational reasoning, and use SemiringSolver
module to avoid tedious reasoning where possible. In the proof for problem (iii),
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well-founded induction on (N, <) is used to show that “∀ b c. a2 + b2 = 3c2 → a
= 0” holds for all a∈ N.
See also Qiita post
(http://qiita.com/masahiro sakai/items/ecd83bad7ac8425f22a3

, in Japanese).

11. Author: Masahiro Sato
System: Coq-8.4pl4
Abstract: I proved the problems in legacy coq, not using ssreflect. First, I
proved four basic propositions, whose names are ‘div S’, ‘div le’, ‘mod plus’
and ‘mod le’. Then, I prove the problems.

12. Author: Mitsuharu Yamamoto
System: [SSReflect Proof]
Coq-8.4pl5 + SSReflect 1.5 +MathComp 1.5
[HOL4 Proof]
HOL4, Kananaskis-10
Abstract:
[Coq Proof]
The lemma “forall a:nat, sqrmod3P a” is equivalent to “forall (a:nat) (b:bool), b
= 3 %| a /\ m = a2 %% 3 < − > (b = true /\ m = 0) \/ (b = false /\ m = 1)”. But
the (Co)Inductive form is more convenient to work with the case tactic.
[HOL4 Proof]
Actually, I mainly used the HOL system in 1990’s (HOL90 at that time), and I’m
not so familiar with its recent progress. So this proof may look rather awkward.

13. Author: Sosuke Moriguchi
System: Coq-8.4pl4
Abstract: No use of omega tactic. Question 3 can be proven by well-founded
induction (or contradiction), but in this proof, I do not use the lemma for well-
founded induction. (Sorry, but in this version, I mistook the assertion of question
2. The lemma to proof the correct assertion from the mistook assertion is already
proven, so please pardon me :-) )

14. Author: Takashi Miyamoto
System: Coq. Used libraries are Arith Ring Omega Wf_nat.
Abstract:
induction principle for mod3 calculation : assert

forall n, P n /\ P (S n) /\ P (S(S n))

and use it.

Theorem nat_ind_3 : forall P: nat -> Prop,

P 0 -> P 1 -> P 2 -> (forall n, P n -> P (S(S(S n)))) ->

forall n, P n.

define mod3 function (also div3)
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Fixpoint mod3(n:nat):nat :=

match n with

| S(S(S n’)) => mod3 n’

| _ => n

end.

lemma for case analysis

Lemma mod3_012 : forall n,

(mod3 n = 0) \/ (mod3 n = 1) \/ (mod3 n = 2).

operation on mod3

Lemma mod3_add_hom: forall p q, mod3 (mod3 p + mod3 q) = mod3 (p + q).

Lemma mod3_mul_hom: forall p q, mod3 (mod3 p * mod3 q) = mod3 (p * q).

lemma for n/3 exists if mod3 n = 0 using div3 function.

Lemma mod3_0_q : forall n, mod3 n = 0 -> exists q, n = 3*q.

problem 1 : rewrite mod3 (a*a) with mod3 a, then case analysis.

Theorem mod3_square_01 : forall a, (mod3 (a*a) = 0) \/ (mod3 (a*a) = 1).

problem 2 : same as problem 1

Theorem all_mod3_0 : forall a b c, a*a + b*b = 3*c*c ->

(mod3 a = 0) /\ (mod3 b = 0) /\ (mod3 c = 0).

lemma for shrinking a, b, and c : use result of problem 2, mod3_0_q, and ring and
omega tactics.

Lemma shrink_by_3 : forall a b c, a*a + b*b = 3*c*c ->

(exists a’ b’ c’, a = 3*a’ /\ b = 3*b’ /\ c = 3*c’ /\

a’*a’ + b’*b’ = 3*c’*c’).

lemma for infinite descent : by using lt_wf_nat

Theorem infinite_descent : forall P : nat -> Prop,

(forall n : nat, P n -> exists2 m : nat, m < n & P m) ->

forall n : nat, ˜ P n.

conditions for a, b, and c : apply infinite_descent and use shrink_by_3

Lemma cond_of_a: forall a, ˜( ˜(a=0) /\ (exists b c:nat, a*a+b*b = 3*c*c)).

Lemma cond_of_b: forall b, ˜( ˜(b=0) /\ (exists a c:nat, a*a+b*b = 3*c*c)).

Lemma cond_of_c: forall c, ˜( ˜(c=0) /\ (exists a b:nat, a*a+b*b = 3*c*c)).

problem 3 : combine these 3 lemmas

Theorem abc_are_0 : forall a b c:nat, a*a+b*b = 3*c*c ->

(a = 0 /\ b = 0 /\ c = 0).

15. Author: Yoichi Hirai
System: Ssreflect 1.5
Abstract: An attempt to do brute-force.
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