LONG TIME BEHAVIOR OF THE SCHRODINGER
GROUP ASSOCIATED WITH A POTENTIAL
MAXIMUM

J.-F. BONY, S. FUJIIE, T. RAMOND, AND M. ZERZERI

ABSTRACT. We give a semiclassical expansion of the Schrodinger
group in terms of the resonances created by a non-degenerate po-
tential maximum. This formula implies that the imaginary part of
the resonances gives the decay rate of states for large time of order
of the logarithm of the semiclassical parameter.

1. INTRODUCTION

This report is based on a series of work concerning spectral proper-
ties of the Schrodinger operator at a maximum of its potential. The
detailed proofs of the results presented here can be found in [BFRZ]
and [BFRZ2].

We consider the semiclassical Schrodinger equation in R”

Pu=zu, P:=—h*A+V(x),

where A := Z 92 h > 0 is a small (semiclassical) parameter, z €
4
j=1 "
C is a complex spectral parameter and V(x) is a real-valued smooth
potential.
If z =X € R is an isolated eigenvalue of P, then for any ¢(x) €
C¢°(R) supported near Ay, one has

(1) e MPhap(P) = e /M (),

where I, is the orthogonal projection to the eigenspace of \y generated
by orthonormal eigenfunctions {f;};;

(2) My =Y (. ) fie

J

Here (f,g) denotes the scalar product [ fgdz.

Analogous formulae may hold also for scattering energy levels with
so-called resonances z instead of eigenvalues. Resonances are poles of
the meromorphic extension of the resolvent, and are characterized as
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complex eigenvalues of a non self-adjoint operator Py, called analytic
distorsion of P (see §1).

Roughly speaking, resonances are associated with semi-bound states.
In other words, there are no resonances near non-trapping energy levels
(see §2). Formulae of type (1), (2) would imply in particular that a
semi-bound state decays like e~ ™ #I/"T]_for a resonance z. This is
why the inverse of the width of the resonance |Im zy| is considered to
describe the life span of trapped quantum particles. Remark that the
projection II,, is not orthogonal and its operator norm is no longer 1.

Formulae of type (1) have been shown by S. Nakamura, P. Stefanov
and M. Zworski [NSZ] for shape resonances created by a well in an
island, and by J.-F. Bony and D. Héfner [BoH4| for resonances cre-
ated by a potential maximum of the wave operator in the De Sitter-
Schwarzschild metric.

Here we study the global maximal level Ej for a general multidimen-
sional potential, that we assume to be non degenerate and attained
at only one point. In the phase space, the trapped trajectories of
the Hamilton flow in p~!(Ey) (see §3 for the terminology) consist of
a unique hyperbolic fixed point. The existence and the semiclassi-
cal distribution of resonances near this level were shown by P. Briet,
J.-M. Combes and P. Duclos [BCD2] and by J. Sjostrand [Sj1] inde-
pendently (Theorem 4.1). We will give a formula of type (1) in §5
(Theorem 5.1, (7), (8)), and of type (2) in §6 (Theorem 6.1, (14),
(15)). These results are based on a resolvent estimate (Theorem 5.4),
and a microlocal propagation theorem near a hyperbolic fixed point
(Theorem 6.2).

2. RESONANCES
We assume the following condition (A1) on the potential V.
(A1): V(z) is real on R™, and analytic in a domain
D:={zr € C"|Imz| < tanby(Rex)}
for 0 < 0y < w/2, and V(z) — 0 as |z| — oo in D.

Then P is a self-adjoint operator on L?*(R"™) with 0. (P) = Ry. To
this operator, we associate a distorted operator

By = UPUyy (Uaf)(a) i= ldet(1d + udF) |2 (x + uF (z)
for small real p and F' € C*°(R™; R™) with
F(x)=0on |z|]<Rand F(z)=2 on |z|]>R+1

for large R. This operator f’u is analytic of type-A with respect to
u, and, taking R large enough, P := Py is well-defined for # small
enough. Then o..,(FP) = e 2R, , and the spectrum of Py in Cy :=
{z € C\{0}; —26 < arg z < 0} is discrete.
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Definition 1. Resonances are the eigenvalues of Py in Cy. The multi-
plicity of a resonance zj is the rank of the spectral projection

1
(3) I, = 5— 7(z — Pp)~ldz,
where 7 is a small circle centered at z; and we choose 6 with z, €
Cy. Resonances are independent of 0 in the sense that o(Py) N Cy =
a(Py) N Cy for § < ¢ taking the multiplicity into account. Moreover,
the resonances are also independent of F'. Hence we will denote the set
of resonances by I'(h) without indicating ¢ and F'.

Equivalently, we can define the resonances of P by showing that
the resolvent (2 — P)~' : L2 (R") — L (R") has a meromorphic
extension R, (z) from the upper half plane to Cy across (0,00). We

have
XR+(2)x = x(2 — Py)"'x.
for any cut-off function x whose support is in |z| < R. The poles

are the resonances and the multiplicity of a resonance is also given by
rank 5 [ Ry (2)dz.

3. RESONANCE FREE DOMAIN

To the Schrodinger operator P corresponds the classical Hamitonian

p(@,§) =& +V(x),

where £ = (&,...,&,) denotes the momentum, which is the dual vari-
able of the position z, and &2 = &2 + .- + &2, In the phase space
R*" = R" x R¢, the Hamilton vector field is defined by

H, =V -V, —=V,p- Ve

We denote by exp t H, (o, &) the integral curve of H, starting from the
point (xg, &), and we call it a Hamiltonian curve.
The classical Hamiltonian p is invariant along any Hamitonian curve:

e, €)=

i.e. any Hamitonian curve is contained in an energy surface p~'(\) for
some real .

A trapped trajectoryis a trajectory which is confined to some bounded
set. Consider the following outgoing and incoming set

Ty (A) :={(z0,%) € p~"(\); | exp tHy(wo, &)| > o0 as t — Foo}.

Then K(A) := ' (A) NIT_(A) is the union of the trapped trajectories
in p~1(\) and it is a compact set.

The following result suggests a close relationship between the semi-
classical distribution of resonances near the real positive axis and the
geometry of the corresponding classical dynamics. It is implicit in
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[HeSj2] and was also proved in [BCD1] under a stronger hypothesis
called the virial assumption. For the C* potential case, see [Ma].

Theorem 3.1. Let Ey > 0 be such that there are no trapped trajectories
in p~*(Ey). Then there exist 6 > 0 and hg > 0 such that for any
0 < h < hgy, one has

where D(Ey, §) denotes the complex disc centered at Ey with radius 6.

4. BARRIER TOP RESONANCES

According to the previous theorem, there may be resonances near
Ey only if K(Fjp) is non-empty. Trapped trajectories may have various
type of geometrical structure: fixed points, periodic orbits, homoclinic
and heteroclinic orbits or more complicated structures. Here, we shall
study the case where K(Fj) reduces to a point {(0,0)}. We assume
that it is a hyperbolic fixed point.

We assume the following conditions (A2) and (A3) besides (Al):

(A2): V(0) = Ey > 0, V'(0) = 0, V"(0) < 0, i.e. for suitable

coordinates,

V(z) = Ey — Z ijf +0(]z]*) as z — 0,

j=1
for some positive constants 0 < Ay < Ay < --- < A\,
(A3): K(Ey) ={(0,0)}.

The assumption (A2) implies that the origin (z,&) = (0,0) is a hy-
perbolic fixed point of the Hamilton vector field H,. Let us consider
the canonical system of p:

o (e )= (000 ) - (7w )
The linearization at the origin is

g alen)=n(

where F}, is the fundamental matrix

0?2 0?2

_9% _ 9%p 1di 2

§

€1
), €(

This matrix has n positive eigenvalues {);}7_, and n negative eigen-
values {—\;}7_,. The eigenspaces AY corresponding to these positive
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and negative eigenvalues are respectively outgoing and incoming stable
manifolds for the quadratic part py of p:

AL = {(2,6) € R exptHyy(w,€) — (0,0) as ¢ — Foo)

n N
= {(x,f) eR™; & = T3, j=1,--- ,n}.
By the stable manifold theorem, we also have outgoing and incoming
stable manifolds for p:

Ay = {(z,8) € R*; exptH,(z,£) — (0,0) as t— Foo},

which are tangent to A% at the origin. They are Lagrangian manifolds
and can be written near (0,0) as

re={@o err e= 22w,

with the generating functions ¢ behaving like
(6) bi(e) =% Tai+O(lzf’) as x—0.
j=1

The assumption (A3) implies that Ej is the global maximum of V', and
it is attained only at x = 0.

Under the assumptions (A1)-(A3), the semiclassical distribution of
resonances is known near the barrier top energy Ey (in [BCD2], the
virial condition is assumed):

Theorem 4.1. ([BCD2|, [Sj1]) Let T'y(h) be the discrete set

< 1 n
Lo(h) := {zg = Eo—zhzl)\j (ozj—l—§> ca=(ag,...,a,) EN }
=

and let C' be an h-independent positive constant such that C # 22:1 Aj
(oj 4+ 3) for any a € N™. Then, in D(Ey, Ch), there exists a bijection

by, : To(h) N D(Ey, Ch) — T(h) N D(Ey, Ch)
such that by(2) = z + o(h).
Remark 4.2. The discrete set {2 7 | A\j(a; +1/2); € N"} is the

set of eigenvalues of the harmonic oscillator —h?A + Z A?xf /4.
j=1

Let us denote z, = b(22). We call 22 pseudo-resonance (see [Sj2]).
We say that a pseudo-resonance 20 is simple if 20 = 20, implies @ = o/.
If a pseudo-resonance 2° is simple, then the corresponding resonance z,
is simple, i.e. its multiplicity is one, and has an asymptotic expansion

in powers of h whose leading term is 2°

a*
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5. REPRESENTATION FORMULA OF THE PROPAGATOR

Let us consider the Cauchy problem for the time-dependent Schrodinger
equation

{ ih% (t,z) = Py(t, ),

(0, 2) = tho(x).

We denote the solution (¢, z) by e ®#/")y. The operator e~®*F/" is
unitary on L?(R").
Theorem 5.1. Assume (A1)-(A3). Let C be any positive constant such
that C' # 375 (B + DA for all B € N™. Then, for any x € Cg°(R")
and any ¥ € C°(R) supported in a sufficiently small neighborhood of
Ey, there exists K > 0 such that for any t, one has as h — 0,

Xe—itP/th(P) _ Z Y Resza (e—itz/hR+(Z)) Y ¢(P)
(7 26 €T (R)ND(Eo,Ch)
+0(h*®) + O(e~“th=K).

If, in particular, all the pseudo-resonances in D(Ey, Ch) are simple,
one has, for anyt, and as h — 0,

xe hgPy= Y eI xY(P)
(8) 2 €L(R)ND(Eo,Ch)
+O(h®) + O(e-Cth-F),

Here, 11, is the spectral projection given by (3).
Remark 5.2. We will see in §6 Theorem 6.1 (14), (15) that xII,_ x ~
h=12l=/2 when 20 is simple. Since, on the other hand, |e~#*/h| =

etimzal/h o o=t X(4+3) for 2. € T'(h) N D(Ey, Ch), the a-th term
of the RHS of (8) is greater than the errors for

K—§_|04| lnl—i-Cte
S dilaj+3) h '

Remark 5.3. If {\;}}_, are Z-independent, all the pseudo-resonances
are simple and (8) holds for any C.

9) t> ——

To prove Theorem 5.1, we need the following resolvent estimate (see
[BFRZ2]). For a,b > 0, let us denote by Q(a, b) the complex rectangular
domain

Qa,b) ={2 € C;|Rez — Ey| < a, —b<Imz < b}.

Theorem 5.4. Assume (A1)-(A3). Let € > 0 be sufficiently small.
Then for any C,C" > 0 and for any x € C§(R™), there exists hg > 0
such that for 0 < h < hg there is no resonance in Q(e, C'h)\Q(Ch, C'h).
Moreover, there exists K > 0 such that, for z € Q(e,C'h),

(10) xRy (2)x]| S b5 11 R
25€D(h)NQ(Ch,2C" )
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Sketch of the proof of Theorem 5.1: Here we sketch the proof of
Theorem 5.1 using Theorem 5.4.

We assume that ¢ € C§°([Ey— 5, Eg+5]), 1 =1 on [Ey— §, By + £]
for a sufficiently small € > 0, and we calculate I := xe /"y (P). By
the standard theory of pseudo-differential operators (see (13)), we have

I = xe " f(P)xy(P) + O(h™),

for any cut-off function f € C3°(R) such that f = 1 on [Ey—2e¢, Ey+2¢].
Let E) be the spectral decomposition associated with P. Then

X TEPIO(P) = [ B ()
By Stone’s formula,
B, — ﬁ (P— (A +i0) — (P~ (A—i0)") d,
this can be rewritten as
X (P (P) =~

2w

/R eI () (Ry (\)— B (A)) x dA(P),

where Ry(z) = (P — z)~! is analytic for +Imz > 0.
Let us modify the integral contour R to the union of the following
intervals:

Flz(—OO,EQ—€], FSZ[EO+€7+OO)7
F2:E0—€+i[0,—0h], F4:E0+€+Z[—Oh,0],

and
Fg = [EO — €, EO + E] — ZCh
We define
1 ‘ )
L= e~ f(2)x (Ry(2) — R_(2)) xdzyy(P) (j =1,5),
Ly
1 . )
I = S e "My (Ry (2) — R_(2)) xdz(P)  (j = 2,3,4).
r;

Since R_(z) is holomorphic in Q(¢,Ch) N {z € C; Imz < 0}, one
has, by the residue formula,

I= > XRes., (e7"*/"Ro(2)) x¥(P) - Z I; + O(h™).

2o €T (R)NQe,Ch)

The first term of the RHS coincides with that of the formula (7) thanks
to Theorem 5.4.

Hence it suffices to estimate each I; (j =1,...,5). We can show by
pseudodifferential calculus that

(11) I, I =0(h®) and I, I, = O(h™),
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and

(12) 5l = | ™™ MlIx (R (2) = R-(2)) x[|dz = O(e™“"h™F),
3
as bounded operator on L?(R™).

Here the resolvent estimate (10) is relevant. It ensures that the
resolvent R (z), as well as R_(z), stay at most of polynomial order
with respect to h on the contour (of course near Ej).

The estimates (11) follow from the fact that the support of ¢ is at
positive distance from the real part of I'y UT, UT'y UT'5. In fact, for
two functions f,g € C§°(R), it holds that

(13) supp f Nsuppg =0 = f(P)xg(P) = O(h™),
where y € C°(R"). O

6. PROJECTION

In this final section, we give a representation formula of the projec-
tion IL,, in the case when z{ is simple.

Theorem 6.1. Assume (A1)-(A3) and suppose 2° € To(h) is simple.
Then, as operator from L2 (R") in L% _(R™), one has

comp loc
(14) IL, = c(R) (-, fa) far
with
_a_ﬁe_ig(laH_%) & aj+3
(15) h) = e 1
Cog=l

where f, = folx,h) is a solution to Pf, = 24 fa, locally L? uniformly
in h, vanishes in the incoming region (in the microlocal sense) and has
an asymptotic expansion as h — 0 for x near the origin

(16) fo = do(z, h)e+@/h

with

(17) do(z,h) ~ > do () as h— 0,
(18) doo(z) = 2%+ O(|z|l*F) as z — 0.

Sketch of the proof: First, it is obvious that the projection II, can
be written in the form (14), since it is a rank one operator to the space
generated by a resonant state f, associated with the simple resonance
Za-

Then, again thanks to the simplicity of z,, it suffices to calculate
IT, v for a certain non trivial function v(x). We write it as

(19) I,,v=ci(h)fa
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and we have

(20) c(h) = c1(h)/ (v, fa)-
To compute (19), we will construct (z—FPp)~!v for non-resonant energies
z satisfying |z — z,| = €h (see (3)). We do this microlocally as follows:
We take for v a function whose microsupport is contained in a small
neighborhood of a point (xg, &) on the incoming stable manifold A_.
Then we see, by the standard theory of propagation of microsupport
and a result in [BoMi], that, on A_, the microsupport of (z — Pp)~!v
is the evolution of the microsupport of v (denoted by MS[v]) by the
Hamilton flow:

MS[(z — Py)~'v] N A_ C | exp tH,(MS[v]).

Furthermore, this microsupport propagates to the outgoing stable man-
ifold A4 through the fixed point (0,0) (see [BFRZ]). As we will see (see
also (16)), the microsupport of the singular part of (z — Py)~'v with
respect to z, (hence also that of f,), reduces only to A, as is expected
since the resonant state is “outgoing”.

More precisely, let v : ¢t — (z(t),£(t)) be the Hamiltonian curve
exp tHy(zo,&n). We first construct a WKB solution u of (P — 2)u = 0
microlocally near ~:

(1) ulw,h) = b, WP ba,h) ~ S b,
=0

namely, the phase function satisfies the eikonal equation

0 0
P (xa 8_;0) =Fky, &= a—i}(mo)

and the coefficients of the symbol satisfy the transport equations

oY Ob .
o . 2 At —
Jr Ox * ( Yo

We assume moreover that the Lagrangian manifolds Ay := {(z,);{ =
V.¥} and A_ intersect transversally along . Then, we define v as

Z—EO

) by =1Ab_y, leN.

v =[x, Plu,

for x(z) € Cg°(R") identically 1 near x = 0. Thus v = (2 — P)(xu)
microlocally near v. Then yu = (z—P) 'v, and in particular (z—P) v
has the WKB form (21) near v close to x = 0.

Now we have a WKB solution u along v C A_ close to (0,0). We
need to know the asymptotic behavior of u on A,. This was the main
subject of [BFRZ], and we need to recall some of its results now. Since
v C A_, we have

x(t) ~ Zguk(t;xoafo)e_“kt as t — 400,
k=1
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where 0 < p1(= A1) < pg < -+ - are linear combinations of {\;}%_; over
N, gy, (t;20,&) are polynomials in ¢. In particular gy, is independent
of ¢, if A; is simple in the sense that the only linear combination over
N of the Ay’s equal to A; is the trivial one.

The following theorem is a simplified version of [BFRZ|. The formula
(24) is due to [ABR] and the idea to express the solution in the integral
form (22) goes back to [HeSj1].

Theorem 6.2. Assume that Pu = zu, ||lu|| <1, for z € D(Ey,Ch)
satisfying dist(z,To(h)) > eh for a positive €. Then,

(i) If w = 0 microlocally on A_\(0,0), then uw = 0 in a neighborhood of
(0,0) (and hence on A, ).

(ii) Suppose that gy, (xo,&) # 0. If u is of the form (21) near v, then
one has a formal integral representation of u in a neighborhood of (0,0):

(22) u(x, h) et ha (t, x; h)dt.

\/ﬁ

Here the phase ¢(t, x) has an asymptotic expansion as t — +00:
o

(23) p(t,x) ~ Gy () + > b (1),
k=1

where ¢, (t,x) are polynomial in t. Moreover, if \; is simple ¢y, (x) is
independent of t and
(24> ¢Aj($) ~ —)\jg,\jxj as © — 0.

The symbol a(t,x; h) has a classical expansion in h:

o0

a(t,z; h) ~ Z a(t, z)h!

=0

whose coefficients have expansion ast — +00:

(25) ay(t,x) ~ alk(t,x)e_(s+“’“)t,
k=0
with
1 " R — EO
(26) 5 Z )\] — Z

7=1

where ay(t, ) are polynomial in t. In particular, the first term ago(z)
is independent of t and ago(0) is given by

(27) ap,0(0) = €7m/4)\?/2\9,\1 le” Jy {aw@e) =3 £ NS ().

Remark 6.3. It is always possible to choose (xg,&;) on A_ such that
9 (o, &o) # 0.



SCHRODINGER GROUP ASSOCIATED WITH A POTENTIAL MAXIMUM 11

Remark 6.4. The representation (22) is formal in the sense that the
integral does not always converge depending on Im z (see (26)). For
the rigorous expression, see [BFRZ].

Using this theorem, let us calculate II, v to obtain the constant
c1(h) and the resonant state f,. Recall that the multi-index a@ =
(a1, -+, ) € N is fixed such that 20 is simple.

By (23), (25) and the Taylor expansion of e!*~+)/" the integrand
of (22) can be developed as

: woms— L i\" G
e#lhg = eio+/h Z ooy} (E) (p— o)™ Z ha(t, x)
m=0 1=0

— oiP+/hp=5t Z Z Z 5 hl m (Z ¢uk€ ukt) alkle_uk’t‘

m=0 [=0 k'=

Each term of the last sum is of the form e'®+/hey(t, x5 h)e” At where
cs(t, x; h) has an expansion in powers of h whose CoefﬁClents are poly-
nomials in . Since

S+A-B=—7(z—25),

this term produces a pole at z = zg after integration with respect to t.
Hence we have only to look at ¢,(t, x; h) for the study of II,_
Since 20 is simple by assumption, the principal term in h of ¢, (¢, x; h)

comes from | =0, k' = 0, m = ||, more precisely

Ca(t,l‘; h) — i®+(@)/h {ﬁ (H Cb)\j (I)aj) a[m(x)h—\od + O(h—a|+1)} '

j=1
Notice that this principal term is independent of ¢ (see the assertion

before (24)), and hence it gives a simple pole after integration in ¢. The
residue of u, which is II, v, is then

, jlal=1 (1
ezm(:c)/h{ =Tl (H@ >a0,0(a:)+0(h)}h—|a|+l/2.

This means, by (24) and (27), that the resonant state f, is of the form
(16), (17), (18) and that ¢;(h) in (19) is given by

1 Z'|o<\—1 n . e
ci(h) = E ! (H(—/\jng)aj> ao,0(0)h a1z,

Jj=1

To finish the proof of Theorem 6.1, it remains to compute the as-
ymptotic expansion of (v, f,) (see (20)), which can be obtained by a
stationary phase argument thanks to the assumption that A, and A_
intersect transversally. U
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